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These notes have been designed for a lecture at the school “Mathematical and Computational
Aspects of Machine Learning” held at the Scuola Normale Superiore di Pisa from 7-11 october
2019 and for a doctoral course at SISSA, Trieste. This course aims much more at pedagogy than
completeness or presenting the very latest development in the field. It tries to be self-contained
and accessible by a wide audience, so it assumes almost no prior knowledge. My goal is to recall
basic (deep) concepts, as well as to provide some modern analytic and algorithmic tools used in
high-dimensional inference. The language, techniques and concepts I will use are borrowed from
various fields that share a lot and complement each other to form a young and dynamic research
area at the intersection of statistical mechanics of disordered systems/spin glasses, information
theory, high-dimensional probability and statistics, signal processing and machine learning. I will
emphasize the connections between these fields and their specific terminology. I will also try to be
rigorous whenever possible, and I will spend time on mathematical “details” that actually convey a
lot of information. My motivation is that I've been trained as a physicist and discovered the beauty
of mathematical proofs quite late, but I quickly realized that mastering all the £’s may yield a
much deeper understanding of the physics hidden behind the apparent mess. Great references for
those who want to go beyond on the connections between statistical physics and inference are [1-3].

A main question we will (very partially) try to answer is:

When does data contains enough information so that it can be used to infer

something about the process that generated it?

This really is an information-theoretic question. Once the information-theoretic limits established
we will then naturally ask ourselves:

Can we optimally extract/process the information from the data at low computational cost

in order to perform efficient inference about the data-generating process?

This question is an engineering/algorithmic question. These two questions complement each other:
without a clear answer to the information-theoretic question, people designing algorithms could
lose time trying to improve algorithms with no hope of sucess, as they migh already be close to
optimal. Also, the understanding of the barriers to information extraction provides guidance in
algorithms design.

We will focus on a modern high-dimensional inference problem: the spiked Wigner model. This
models the task of factorizing a large noisy data matrix in order to reduce its dimension, i.e.,
principal component analysis which is probably one of the most fundamental problem in machine
learning. The choice of focusing on one problem rather than multiple ones is that it is simpler
in terms of notations etc, yet its analysis requires all key ingredients necessary in the study of
more complicated settings. Moreover applying numerous techniques to the same model helps in

connecting them and see the global picture. Finally the spiked Wigner model is intimately linked
1
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to the most studied spin glass model: the Sherrington-Kirkpatrick model. Therefore it will be easier
to make bridges with the rich literature in statistical physics that eventually lead to many of the
ideas and techniques presented in this course.

Notations: Bold letters (X, y,...) will be used for vectors, matrices etc, plain letters for scalars
(Xi,y,...). We will follow the information theory convention: random variables will be capital
letters (X,Y;,...). Their associated outcomes/realizations are in small letters (x,y;, .. .).
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1. BAYESIAN INFERENCE, INFORMATION THEORY AND STATISTICAL MECHANICS

1.1. Statistical inference, Bayes formula and decision theory. Statistical inference. For
this part I highly recommend MacKay’s book [4].

Before going into high dimensions lets go back to the basics: What is statistical inference? An
important distinction is between forward and inverse probabilities. Consider a random generative
process € — y where x are parameters of the model, also called signal, and y = y(x) are data
generated by the process —. Forward probability involves computing the probability distribution
(or various statistics) of functions of the data. The parameters are known and fixed, the data is
not and is therefore modeled by a random variable. E.g., in “ball and boxes” exercises, something
like computing the probability of drawing y, red balls and ¥, blue ones —y is the unknown data
outcome—, the mean, or the variance of the random Y etc. In this case the known parameters could
be the number of balls of different colors in the urn etc. Conceptually, in forward probability the
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random experiment has not yet taken place (or equivalently it took place but nothing is known
about its outcome) and we try to predict what will happen, i.e., to predict the data it will generate
which is therefore seen as a random variable:

x—>Y.

In inverse probability, instead, the random experiment already took place and generated some
observed data y, which is therefore not random but fixed. The inference task is then to compute
the conditional probability distribution of the parameters of the process given the observed data,
in order to reconstruct the parameters which are now considered as the random variables:

y< X.

This diagram emphasizes that we know the data, and want to inverse the process to reconstruct
the unknown parameters/signal.

The Bayes formula. The random data generative process is modeled by the likelihood function
(or simply likelihood) L(x | y) := P(y | ). The likelihood is known, exactly or approximately (there
might be mismatch between the true likelihood that helped generate the data and the assumed
one). Here is a subtle point: the likelihood should not be considered as a probability distribution:
it is a function of the hidden parameters to infer. This is because the data is fized. You should
never say “the likelihood of the data given the parameters”, this is wrong. Instead you should say
“the likelihood of the parameters given the data”. In the likelihood y actually plays the role of
parameters, and @ its argument, thus the notation L(x | y).

The parameters & are unknown, fine. But maybe you still know something about them, such as
their domain etc. All the a-priori information, i.e., the information we have/assume about @ before
getting the data is encompassed by the prior P(x). The prior should never depend on the data, and
never been changed once the data acquired. Combining our a-priori knowledge and the one gained
from the data is done using the Bayes formula: the posterior distribution, which summarizes our
belief* about the parameters value given the data, reads

The Bayes formula can also be written in the form of the product rule:

P(z,y)=P(z|y)P(y) = P(y | z)P(x).

'In Bayesian inference the notion of probability is subjective: it quantifies our personal belief (or equivalently
our level of ignorance) about the outcome of the experiment. In the Bayesian interpretation the outcome of an
experiment is not fundamentally random, and therefore if we had access to more data about it and/or had a sufficient
a-priori knowledge, the outcome would become fully predictable. In Bayesianism it makes perfect sense to speak
about the probability of a one-shot experiment, as it simply measures how much we think we know about what
will happen. Also, Bayesian inference cannot be made without assumptions: it requires assuming a prior, as well as
model P(y | x) for the data generative process.

In contrary in frequentism, probability is an objective notion, i.e., a fundamental feature of a system and the best
way we have to characterize its physical behavior. In this view the probability of a one-shot event makes no sense, as
it is defined as the event’s frequency when the random experiment is repeated. The outcome of a single experiment
is fundamentally random; this randomness is not due to our lack of knowledge. Frequentist statistics require no
assumptions, only repeating experiments and looking at frequencies of events.
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The marginal of the data P(y) is called evidence. In some cases extra parameters of the model 6
are known (called hypotheses). They can be included in the model by conditionning:
Pz |6)P(y|=,6)

@ Pl ]9.0)= =5t

High-dimensional inference. In classical statistics we are generally interested in settings
where the number of parameters to infer n is small with respect to the number of data points m:
n << m. Often in this setting performing inference from the posterior or from the likelihood alone
give same results: there are so many data points that the likelihood completely dominates the prior,
so the posterior converges to the likelihood.

Inference in high dimension means that both n, m are large, and the total signal-to-noise ratio (snr)
is finite when m,n — +o0, so that the inference is not trivial. The snr measures the signal strenght
compared to the noise. Often it means that m = ©(n) > 1 but we will see that not always. This
regime is related to “big-data” and machine learning applications, where the number of data points is
huge, but the number of parameters in the model (like the weights of a neural network) is also large?.

Bayesian decision theory. In a inference task one wants to reconstruct parameters from data.
To precisely define what we mean by “reconstructing”, we need to provide an error metric that
quantifies the inference quality of our estimate of the signal. We will see that whatever reasonable
metric we use, the optimal estimator for this particular metric is always derived from the posterior.

Denote & = (y(x)) the output of our algorithm, or estimator:
@ = algo(y(x)).
Let’s say that your goal is to perfectly reconstruct the parameters, i.e., to minimize
(3) E(z,xz):=1-1(x =x).

E(x,x) is called the objective function that we want to optimize. When the objective is to be
minimized, we also call it the loss, cost, regret or energy (not surprisingly)®. But we do not have
access to the loss, as it depends on the unknown parameters. So what is the best way to approximate
the loss? By averaging it over the posterior P(x | y) of course, as the posterior properly combines
all information we have about the signal. This leads to the definition of the risk R(&,vy) of the
estimator & associated to this loss®. In the case of the loss (3), the risk is the so-called block-error-rate
(a terminology coming from communication):
R(z,y) =pp(2,y) = ), Plz|y)E(z, )

TeX™
=1- ) P(z|y)l(z=x)=1-P(z|y).
reX "
pe(Z,y) is the a-posteriori probability of the estimator & to be wrong, given y. This quantity, as
opposed to the loss, can be in principle computed, as the x is now averaged over the posterior (in

°In modern neural networks it is often the case that n > m, which should a-priori lead to overfitting, as there
are more free parameters than data points, so in theory the noise can be fitted. The reason why, empirically, largely
overparametrized neural networks do not overfit is a question at the forefront of the research in the field; see, e.g., a
recent article about that [5].

3When it is to be maximized instead, it is called reward, profit, utility or fitness function, depending on the
context.

4The Bayes-risk is the expectation of the risk over the evidence: R(&) = [ dP(y) R(&,y).
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the expresison above x is a dummy variable, not the true value of the signal /parameters). Maybe
computing pp(&,y) is computationally expensive, but that is another issue.

So now the question becomes: which estimator/algorithm, that assumes only knowledge of y
(and maybe some prior knowledge about @), minimizes this loss? We therefore compute

Topt (Y) := argminpp(&, y) = argmin{l - P(x | y)} = argmax P(Z | y).
X X X

The optimal estimator to minimize the block-error-rate is therefore the MAP estimator, where
MAP stands for maximum a-posteriori’. The associated (optimal) risk is

pB(Y) = pB(Zopt(Y), Y)-

We may also be interested in the average performance of this estimator/algorithm over the data
generative process, i.e., over the evidence:

PB = ZP(y)pB(y)-

Another loss more appropriate when the parameters are continuous (in which case perfect
reconstruction is generally doomed) and that appears often in the signal processing literature is
the square error loss E(&,x) := L |a — &|3. The associated risk is the mean-square error (MSE):

. 1 .
MSE(e,y) = [ dP(z|y) |z - a3
Let us minimize this risk (which is convex in the estimator):
VsMSE(z,y)=0 = / dP(x |y)(x-x) =0.

This yields the minimum mean-square error (MMSE) estimator, which is nothing else than the
posterior mean:

Zopt (y) = argmin MSE(Z,y) = [ dP(x |y)x = (X).

We introduced a notation coming from statistical mechanics for posterior expectations: the Gibbs-
bracket (X) (which depends on the data). The smallest possible expected MSE, the (average)
MMSE, is then

MMSE = MMSE(X* | Y) := f dP(y) MSE(2Zop(y), y)
- [aP)ar|y) ;e - (X3

* * 1 *
- [ aP@@)ary|a) <[ - (X3,
More compactly,
1
MMSE(X" |Y) = ~E[ X" - (X[}
1 1

where the first E = Ex«y = Ex«Ey x+. We have introduced the * notation to distinguish between
a sample from the posterior X ~ P(-|y), and the (random) ground-truth signal to infer X* ~ P. If

5The optimal estimator is equivalently obtained by minimizing the risk R(&,y) or the Bayes-risk R(&).
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we want to emphasize that the MMSE is the expected posterior variance we write %EyVar(X 1Y).
If instead we prefer to think of it as the mean-square deviation between the optimal estimator and
the ground-truth we prefer the notation MMSE(X* | Y'). But this is the same. We will keep this
notation in the remaining in order to avoid confusions.

As we will see soon the MMSE, in addition of being relevant in most applications, has the great
advantage of being more easily accessible/computed thanks to a simple relation that links it directly
to the main quantity of interest: the mutual information, or free energy (these are linked by an
additive constant). Also it is often the case that when one error metric worsen at a phase transition
point (e.g., as the noise level increases, or the amount of data decreases), the others become bad
too. This is because phase transitions are intrinsic of the problem at hand as they depend only on
the mutual information. The optimal errors are just observables and the dramatic change of the
behavior of observables happens generally at the same point. E.g., at 0 degree celsius not only the
correlation lenght between molecules of water abruptly changes, but also their mean displacement
etc.

A deep consequence of the Bayes formula: the “Nishimori identity”. Let (X,Y) be
a couple of random variables (that can be vectors etc) with joint distribution Pxy and conditional
distribution Pyjy. Let k> 1 and let XM, ..., X®*) be i.i.d. random variables with distribution Px|y-.
Let us denote E the expectation w.r.t. Pxy and () the expectation w.r.t. the product measure

P}‘?"’;}. Then, for all continuous bounded function ¢ we have®

(5) E(g(Y, X, X® ..., X®)) =E(g(y, XD, X .. x®)),

Proof. This directly follows from Bayes formula Pxy = Pxy Py = Py|x Px. It is equivalent to sample
the couple (X,Y") according to its joint distribution or to sample first Y according to its marginal
distribution and then to sample X conditionally on Y from the conditional distribution. Thus
the two (k+ 1)-tuples (Y, X, X® ... X&) and (Y, XD X® . X&) have the same law. In
equations,

E(g(Y, X, X®, ..., X®))
=ExyExepy - Exep g(Y, X, X3, X®)
=EyExyExepy - Exwp g(¥, X, X3 Xx®)
=EyvExoyExepy - Exmy g(¥, X, Xx@ 1 xH)
=E(g(Y, XM, X3 . X®)),
O

This seemingly innocent identity is actually absolutely key. It is the origin of a tremendous
number of simplifications that allow to carry a complete analysis of high-dimensional inference
problems in the Bayesian optimal setting. In an inference setting this means that the posterior
Pxjy is known. In the proof above this is used at the last step to replace X by X ~ Pyy. It X (1)
was drawn from another distribution than the posterior Pxy the proof could not be carried out:

9

6This identity has been abusively called “Nishimori identity” in the statistical physics literature despite that it
is a simple consequence of Bayes formula. The “true” Nishimori identity concerns models with one extra feature,
namely a gauge symmetry which allows to eliminate the input signal, and the expectation over the signal X in
expressions of the form E(-) can therefore be dropped.
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this would create an assymetry between the X (9’s and X. Instead in the Bayesian optimal setting
this identity says that, inside an average over everything E(-), the signal X can be replaced by
a sample from the posterior X(): in expectation, the signal and a posterior sample play totally
symmetric roles. As we will see, this deep symmetry is at the root of important concentration
inequalities (of the MMSE and owverlap, see below).

Identity (4) showing E(|X - (X)[2) = E|X* - (X)|3 was actually our first application of the

Nishimori identity; indeed ]E(HX - (X)H%) is just a function of X ~ P(-|y) and of (X) which only
depends on y, so X can be replaced by the signal X *. Another simplification thanks to it is

CE|X - (X3 Y TB(IX - (X)13) = - (B(IX3) - ENX)I3)
(EIX3 - E(X O X))

(6) p-E(Q),

where the overlap between a posterior sample and the signal is

1z

QIX, X" )=Q:= —X*X

Above XM = X and X ® are i.i.d. samples from the posterlor, called replicas, and a Gibbs-bracket
sandwiching multiple replicas is the expectation w.r.t. the product measure P(- | y)®=. In the
derivation of (6) we used

E[(X))2=E(XD X@)EE[X*-(X)] = nE(Q).

1.2. Surprise, Shannon entropy and mutual information. We want to precisely quantify
when statistical inference is possible or not by estimating if the data contains enough information
about the model parameters. But what is information, and how to quantify it? The answer has been
understood by Claude Shannon in 1948 in his seminal paper [6] who started information theory:
the entropy. Computing entropies and relatives will be one of our main goal, so let us start by
understand why it is the proper definition of information content conveyed by a random variable.

1.2.1. Shannon entropy and its properties. Surprise and Shannon entropy. For simplicity let us
consider a discrete setting. Let X ~ P a discrete r.v. with possible outcomes in X = (1, x2,...,2x|);
the notation X ~ P means that the probability distribution of X is P. X can be a vector, on any
other type or random object. The Shannon entropy H(X) = H(P) of the random variable X, or
equivalently of the ensemble £x = (X, X, P), is defined as”:
x|

(7) H(X)=H(P):="> P( :L')ln ZPln

reX i=
It is the expectation with respect to P of the znformatzon content h(:L’) = h(P(x)), or surprise, of
the outcome x of the r.v. X:

1
h(x) =h(P =1 :
(@) = H(P()) = In 5
If the outcome z has low probability then observing it is quite surprising, and it brings a lot of
information as it was not expected: h(x) is high. If instead P(x) is close to 1 it is not surprising to

Do not get confused between the H of the Shannon entropy and the calligraphic A used for Hamiltonians later
on.
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observe x, so this outcome brings low information: A(x) is low. Said differently: if the outcome of a
random variable is very probable, it is no surprise (and generally uninteresting) when it happens,
because it was expected. However, if an outcome is unlikely to occur, it is much more informative
if it happens to be observed. The term information content must be understood as a potential
information gain if x is observed. Here the information content and entropy are expressed in “nats”
(for “natural units”), because the logarithm is in natural basis. When using the log, they are
expressed in “bits”.

Imagine you are in the desert and suddenly it rains like hell. Worst, it rains cows that play piano!
What? It is amazingly surprising no? The probability of this event is actually so low that it brings
an enormous amount of information; in this case it should lead you to the conclusion that you are
dreaming. If instead your are in the desert and its super sunny and hot, it is not surprising at all;
this does not bring more information than what you already know, and if you are dreaming, it is
unlikely that this observation will help you realize it. Another example: the knowledge that some
particular number will not be the winning one of a lottery provides very little information, because
any particular chosen number will almost certainly not win. However, knowledge that a particular
number will win a lottery has high informational value because it communicates the outcome of a
very low probability event.

Be focused here. The entropy can also be interpreted as a measure of unpredictability of X, or
of uninformation/lack of knowledge about what X’s outcome will be: the more surprising are the
outcomes in expectation, the more unpredictable is the actual outcome, which also mean the less
we know about x before observing it. H(X') quantifies the amount of missing information necessary
to determine the outcome of X before observing it. This can be confusing because previously we
said that H(X) is an expected information content, while now we speak about a measure of
uninformation. There is no paradox: an information H(X) is gained in expectation when z is
actually observed. But prior to observing the outcome, H(X) is a measure of uninformation about
it. Put differently: observing the outcome x converts in average H(X') units of uninformation into
information. So it just a matter of conceptually placing ourselves before x is observed —in which
case the interpretation as a measure of uninformation may be more natural—, or after x is observed
—where the interpretation as an expected information content seems to fit better. But at the end
this is the same thing.

An example might help: the outcome of a toss of a fair coin Xg,;, ~ Ber(1/2) is much more
unpredictable than the outcome of a strongly biased coin Xy.s ~ Ber(9/10), or equivalently
our lack of knowledge about what will be g, is higher: we are more uninformed. But when
observing the outcome of the fair coin, we then gain more information than with the unfair
one, because it is in average more surprising. In the first case, which has entropy H(Xf.;,) of
one bit, betting on one side or the other is the same statistically. While in the second case,
where H(Xpias) = % log, % + %0 log, 10 ~ 0.47, the outcome is much more predictable, we are less
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FIGURE 1. From [4]. Information content (in bits as the logarithm is in base 2) of an
event with probability p. The less probable an outcome is, the greater its information
content. On the right is the binary entropy function Hs(p), with its maximum at 1/2.

uninformed (= more informed); it would be an error not to bet on the outcome Zpas = 1.

The Shannon entropy H(X) of an ensemble Ex,

or equivalently of the random variable X, quantifies:
i) Its average information content,

i.€., the expected information gain when observing x.

it) The average uninformation/lack of knowledge

about the outcome x prior to observe it.
iii) Its unpredictability.
The higher the entropy of X, the less “structured” its distribution is.

Finally, if expressed in bits, H(X) is the expected number of binary “yes/no” questions required
to determine the outcome before it is observed, or equivalently, the expected number of binary
questions that the oucome x answered after being observed.

“Good” properties of the entropy. We will mathematically justify, based on Shannon’s
source-coding theorem, that H(X) is indeed the proper definition of information content of X. But

at the moment let us admit it, and give some additional properties that stenghten this claim. Let
X~P.

e H(X) >0 with equality if and only if P, =1 for one i. There is no such thing as negative
information, and a deterministic variable convey no information.

e H(X) is maximized if P is uniform: H(X) < In|X| with equality if and only if P; = ﬁ for
all 7.

So the uniform distribution (the less structured of them all) has maximum entropy, while the
trivial distribution giving full weight to a single event has 0 entropy. As the entropy of the uniform
distribution increases with |X|, casting a die has higher entropy than tossing a coin because each
outcome of a die toss has smaller probability (1/6 to be compared to the 1/2 of the fair coin; each
outcome of a die is more surprising as there are more of them).

Notice another nice property of the information content function h(p) = —Inp. Imagine learning
the outcome x and y of two independent random variables, X and Y. Intuitively, we might want any
measure of the “amount of information gained” to have the property of additivity: for independent
random variables X and Y, the information gained when we learn the outcome of both should
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equal the sum of the information gained if x alone were learned and the information gained if y
alone were learned. And indeed:

o h(z,y)=h(x)+h(y).
o Pxy=Py®Py = H(X,Y)=H(X)+H().

Here

H(X,Y)=H(Pxy):= P(z,y)In
(x,y)Ee:Xxy P((L’,y)

is the entropy of the joint distribution, h(x,y) = h(P(z,y)) = —In P(z,y). In words, entropy is
additive for independent variables. Define also the conditional entropy of X given Y:

1
P(x|y)

HX|Y)= » PyP(z|y)h
(z,y)eXxy

It is equal to the expected information revealed by evaluating the outcome of X given that you
know already the outcome of Y. Or equivalently, it is the remaining amount of unpredictability of
X given that Y has already been observed.

Other important properties of the entropy that confirm its interpretation are:

e The entropy H(X,Y"), i.e., the amount of information revealed by simultaneously evaluating
(X,Y) equals the information revealed by conducting two consecutive experiments: first
evaluating the value of Y, then revealing the value of X given that you know the value of
Y (or the other way around). This is called the chain rule for entropy:

HX,Y)=H(X|Y)+HY)=HY | X)+H(X).

e If f is a function then H(f(X) | X) = 0. Applying that to the previous formula yields
H(X)+H(f(X)[X)=H(f(X))+H(X[[(X)), so:

H(f(X)) < H(X),

with equality if f is invertible. The entropy may only decrease when X is passed through a
function.

o If X and Y are independent then knowing the value of Y doesn’t influence our knowledge
of the value of X (since the two don’t influence each other by independence):

Pxy=Px®Py = H(X|Y)=H(X), HY | X)=H().

e The entropy of two simultaneous events is no more than the sum of the entropies of each
individual event, and are equal if the two events are independent:

H(X,Y)<H(X)+H(®Y).

e The entropy seen as a function of the probability distribution P is concave: for all P(}) and
P® and Ae[0,1],

HAPWY + (1-N)PD) > XH(PW) + (1-\)H(P®).

Note that AP + (1 - X\)P®) is a probability distribution.
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1.2.2. Entropy from lossy compression: Shannon’s source-coding theorem. We argued that the
entropy is a proper measure of expected information content of a random variable, because it
verifies many properties that are “natural” for an information measure. Is there a more principled
way to show that this is indeed the proper quantity? Yes, through the notion of lossy compression.
In this section we assume that we do not know yet that the proper definition of information content
is the Shannon entropy H (X): this is what we want to prove.

Lossy compression and essential bit content. Consider the ensemble Ex = (X, X, P). One
naive way to quantify its information content is through its raw bit content (here we use directly
the log, basis to have units in bits)

Ho(X) == log, |X].

This is the number of binary variables/bits necessary to code (i.e., map one-to-one) all outcomes
in X to binary strings, that we call codewords; indeed |X| = 2H0(X), Hy(X) is a lower bound
to the number of binary questions that are always guaranteed to identify an outcome from the
random variable X® Hy(X) is an additive quantity for independent variables, as should be a
proper information content measure. This measure of information content does not include any
probabilistic element, and the encoding rule it corresponds to does not “compress” the source data,
it simply maps each outcome z € X to a constant-length binary string/codeword. To better quantify
information we need somehow to take into account the probabilities of the different outcomes. One
simple way to do so is to simply remove from the alphabet X the less probable outcomes. E.g., one
could remove from in the standard ASCII alphabet the symbols {!, @, #, %, +,>. <\, /, {, }.[L1};
still you could understand a vast majority of the texts. But when removing symbols from the
original alphabet X', we increase the risk that some outcomes x cannot be described anymore in
the compressed alphabet (or equivalently that multiple outcomes are associated to the same binary
string/codeword, so that there are possible confusions because the mapping is not bijective). The
term “lossy” therefore means that we allow some loss of information. We will see that how much
loss should be allowed is a tricky question.

We introduce the risk 0 we are taking when using this compression method: ¢ is the probability
that there will be no name for an outcome = ¢ X. E.g., X = {a,b,c,d,e,f,g,h}, and Py =
i, i, }L, %, é, é, é, é}. The raw bit content of this ensemble is 3 bits, corresponding to 23 = 8
binary names/strings. But notice that P(z € {a,b,c,d}) = 12. So if we are willing to run a risk of
d = 1/16 of not having a name for x, then we can get by with four names {a,b,c,d}; half as many

names as are needed if every x € X is required to have a name. Let us now formalize this idea.

To make a compression strategy with risk J, we make the smallest possible subset &5 such that
the probability that x is not in Xj is less than or equal to 0, i.e., P(x ¢ Xs5) < 0. So the smallest
0-sufficient subset Xy is the smallet X5 € X satisfying

P(zeXs)>1-6.

The subset X5 can be constructed by ranking the elements of X in order of decreasing probability
and adding successive elements starting from the most probable elements until the total probability
is > 1-0. We can then create a data compression code by assigning a binary name to each element

8The raw bit content is related to the microcanonical entropy S (F) =InZ(E) in the micro-canonical ensemble
of statistical mechanics, where all configurations have same energy E and Z(FE) simply counts the number of
configurations with energy E. Expressed in base 2 the micro-canonical entropy of an isolated system is therefore the
number of bits necessary to code all its valid configurations in binary form.
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FIGURE 2. From [4]. (a) The outcomes of X ranked by probability. (b) The essential
bit content Hs(X). The labels show the smallest sufficient set as a function of 4.
Note Ho(X) = 3 bits and Hl/lG(X) = 2 bits.

of the smallest sufficient subset. The process we described of defining a new compressed alphabet
in order to describe a random variable is called source-coding, and the new alphabet, here &5 or
equivalently its binary representation, is called code’. Note that representing X5 in binary form is
not necessary, it is just sometimes more convenient to think in terms of binary strings. Going from
one representation to another in a bijective way does not change the information content.

For each value of § we can then define a new measure of information content as the raw bit
content of Xj: the d-essential bit content of X is

(8) Hs(X) :=log, |Xs).

Note that Hy(X) is the special case of Hs(X) with 6 =0 (if P(z) >0 for all € X'). This quantity
seems like a sound definition of information content of X: we have compressed X by reducing
its alphabet, allowing a J-probability of error. If § is small, the J-sufficient subset is enough to
describe properly X, so that all elements in X5 must contain “pure” information, quantified by
the d-essential bit content Hs(X ). Unfortunately this definition suffers an important caveat: in
general Hs(X) strongly depends on ¢, so how to properly set 67 Which value really selects the
“pure” information? There is not definite answer, see Fig. 2. This is not desirable for a “fundamental”
measure of information.

9The terminology is similar to the one used in communication, i.e., in the noisy channel-coding problem. Note
that in channel-coding we define a code with additional redundancy to increase robustness to the channel noise,
while in source-coding we at contrary try to get rid as much as possible of the redundancy in order to extract the
“pure” (non-redundant) information.
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X log,(P(x))

FIGURE 3. From [4]. The top 15 strings are samples from X", where X ~ Ber(p).
They all look typical. The bottom two are the most and least probable strings in this
ensemble. The final column shows the log-probabilities of the strings, to be compared
with the entropy H(X190) =46.9 bits.

Is the notion of compression therefore not appropriate to quantify information content? Actually
it is, but we have change a bit the setting; this is where the genius of Shannon enters into the game.

Source-coding. Instead of just considering the random variable X from the ensemble £x =
(X, X, P), consider now a source that generates a string of independent outcomes from the
same X: ™ = (x1,Ta,...,2,). This string is therefore the outcome of a random variable X" =
(X1, Xo, ..., X,) ~ P®" taking values in X", where X; are independent copies of X. E.g., if X is a
biased coin X ~ Ber(p), then strings will be made of zeros and ones with, typically, a number np of
ones, see Fig. 3. The motivation in studying this source is that i) its expected information content,
whatever it means, must be n times the one of X alone, because the information content must be
additive for independent variables X;’s; i) as n will get larger, simplifications will occur thanks to
the law of large numbers'®.

The question then becomes: how much can we compress the random process/string X", so that
(almost no) information is lost? Said differently, what is the minimal number of binary symbols
Hs(X™) =1log, |(X™)s]"! necessary to represent this random string when the risk § is small? Indeed,
if the random string is maximally compressed up to only a small error probability, then the number
of symbols necessary in the compressed representation sounds like a very reasonable measure of
information content. Because if less symbols than this were used to represent the string, there

0The law of large numbers is responsible for the validity of statistical experiments. Without this law, we could
never verify statistical properties of a system by performing many experiments. In particular, quantum mechanics
would be free of any physical meaning.

HThe parentheses are here to emphasize that (X™); is the d-sufficient subset associated with X™; this is not
X(; ><...><X5= (X(;)"
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FIGURE 4. From [4]. Convergence of the d-essential bit content per bit %LH (Xm) for
increasing n values, and where X ~ Ber(p) = 0.1: we clearly observe that + H(X™")
becomes an increasingly flat function almost independent of ¢ (except very close to
the border), which constant value tends to H(X) = -0.11og, 0.1 — 0.91og, 0.9 ~ 0.47
bits, except close to the borders d =0 or 1.

would be a high risk of making errors and therefore information would be lost. So each symbol
in the compressed form must carry “pure” information. This reasonning applied to X alone is
precisely what lead us to the definition of J-essential bit content Hs(X). We've seen that this
quantity suffered from its strong dependence in ¢. The magic is that as n — +o0, as opposed to
the case n =1 discussed previously, the maximal compression level of X™ up to some risk 4 —and
therefore its d-essential bit content Hs(X™)— will (almost) not depend on 4; this suddenly makes
this object much more attractive as a definition of information content.

Let us now state Shannon’s source coding theorem, that justifies why Shannon entropy is
the proper definition of information content. Remember that at this stage the entropy H(X) =
=Y sex P(x)In P(z) is just a mathematical definition, we did not yet justify its meaning of infor-
mation content; our best candidate at the moment is the d-essential bit content.

Shannon’s source-coding theorem. Let Ex = (X, X, P) be an ensemble with entropy H(X)
bits (or nats depending of the basis of the log). Let X" 5> X" = (X1, Xs,...,X,,) ~ P®". Given
arbitrarily small ¢ > 0 and any 0 < § < 1, there exists a positive integer n*(e,d) such that for
n>n*(g,0) the J-essential bit content of the length-n string X" verifies

|%H5(X”) - H(X)] <e.

Let us interpret this absolutely fundamental result. As long as we are allowed a tiny probability
of error §, compression down to nH (X)) bits is possible. Even if we are allowed a large probability
of error, we still can compress only down to nH(X) bits. This theorem therefore settles the
question: our best candidate of information content definition 1 H;(X") = log, |(X™);|, which is
the d-essential bit content per bit, can be made arbitrarily close to H(X') which is independent of !
This solves the only problem we had with Hj, its dependence on d; as n — +oo, %H(;(X ") becomes
independent of § and tends to H(X), see Fig. 4. Because by construction the random string X"
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contains in expectation the same information per symbol than X, the expected information content
of X is then indeed given by H(X).

The proof idea is actually simple. The point is that, as n gets larger, by the law of large numbers
almost all outcomes of X™ are typical, so that only the typical sequences need to be encoded during
the compression. Let us consider for simplicity Bernoulli variables X ~ Ber(p). All typical sequences
have approximately the same number np of ones and n(1 - p) of zeros: the probability that the
outcome is a sequence with exactly R =7 ones is a binomial distribution R ~ Bin(n,p). The relative
fluctuation of R is O(1/\/n) so R concentrates onto its mean when n gets large'?. This implies that
the only possible outcomes x™ are those with R values very close to np: this informally defines the
typical set. The same argument extends to more general (non binary) alphabet. So the probability
of a typical sequence made of nP; symbols X}, nP, symbols A5, ect, is

n |X|
nPj
9) P(xyyp) = Hp(xtyp,i) N H Pg = Pyp.
i=1 j=1
What is the information content/surprise in bits of a typical outcome?
(10) () L3 Blog, - - (X)
10 h(xiyp,) =logy —— ~n > P;log, — =nH(X).
v 2 P(ziyp) j=1 T P;

So the proof strategy is: i) as n gets large only typical sequences/outcomes are observed; they carry
almost all the probability mass of X™. So when defining the smallest d-sufficient subset (X™)s we
need only to code these typical outcomes; doing so the error probability ¢ is small. The number
of typical outcomes is exponentially large in n (this follows from the asymptotic equipartition
principle), so even if we allow a risk § very close to 1 (but independent of n) and therefore only
code a small fraction of the typical sequences, there are still approximately as many at leading
(exponential) order as n get large. So independently of 0 < § < 1 the number |(X")s| of typical
sequences to code is the same at leading order. The question becomes: can we count them, i.e.,
evaluate |(X™)s|? i) By definition all typical sequences have approximately the same probability
Pyyp, and they carry almost all the mass, 50 ¥ iy picalany P(T") % #iyp Piyp © 1, Where #yp = [(X™)5]
is the number of typical sequences. This implies that there are approximately #iy, ~ 1/ Py ~ 27HX)
typical sequences (from (9), (10)); we can thus approximately count them. This allows to estimate
the expected information content per bit as +log, [(X™)s| » H(X), which is the same as the
expected information content of X by construction of X™.

Proof of the source-coding theorem. Et voilal 0

1.2.3. Mutual information, and I-MMSE formula. Differential entropy and mutual infor-
mation. In a continuous setting one can also define the differential entropy, as did Shannon, by
simply replacing sums with integrals in the entropy definition:

H(X)= [ aP@) ﬁ.

Unfortunately, since probability density functions can be greater than 1, the differential entropy
loses an important natural properties of information measure: its positivity. E.g., the uniform

2Relative fluctuations of the order O(1/\/n) of macroscopic quantities like R are typical of complex systems
treated in statistical mechanics. That the relative fluctuations vanish is the reason why such random systems can
be analyzed and described by asymptotically (as n — +o0) deterministic observables, converging on their ensemble
mean.
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distribution U([0,1/2]) has differential entropy —In2. In practice this is not an issue as one can
always conceptually discretize things so all our understanding in the discrete setting remains valid.
The “proper” extension of Shannon entropy to the continuous setting was provided by Jaynes who
defined the notion of limiting density of discrete points which we won’t use. A better behaved
quantity that maintains all its properties when going from discrete to continuous is the mutual
information 1(X;Y) = I(Y; X) between two random variables. It is defined as the Kullback-Leibler
divergence between their joint distribution and the product of their marginals:

I(X;Y):= DKL(PXY|PX®PY):/dPXY(];’y)IH%

-H(X)+H(Y)-H(X,Y)
=H(X,Y)-H(X|Y)-H(Y | X)
=H(X)-H(X|Y)
=H(Y)-H(Y | X)>0.

By working with differences of differential entropies, we recover the desirable property, for a measure
of information, of non-negativity in the continuous case. The mutual information is interpreted as a
measure of the mutual dependence of X and Y. It quantifies the “amount of information” obtained
about one random variable through observing the other one. And indeed it cancels if and only if
the variables are independent:

I(X7Y) =0« Pxy=Px®P.
Another important property: for any measurable functions g; and gs,
I(g1(X);92(Y)) < I(X3Y),

with equality if both functions are invertible. This is linked to the data processing inequality:
let X,Y and Z be random variables, where Z may depend on Y only (i.e., Py xy = PZ|Y). Said
differently X - Y - Z is a Markov chain. Then

I(X:Z) <I(X;Y).

This means than no transformation of the data can create information. This inequality is probably
as fundamental as the principle of conservation of energy of isolated systems in physics.

In a inference problem where we want to recover the parameters x from the data y(x) the last
form has a particularly nice interpretation: H(Y) — H(Y | X) is the total information carried by
the data minus the remaining unpredictability /uninformation about the data when the signal is
known, which is therefore the noise contribution. E.g., in a Gaussian denoising model,

y=VAr s = H(Y|X')=H(Z) =5 n(ne).

The mutual information is thus the information carried by the data purely about the signal. As
such it quantifies the information-theoretic limits of inference, and computing it will be our main
task. In the particular case of the Gaussian denoising model the explicit expression of the mutual
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information reads
I(X*Y =VAX*+2)
=H(Y)-H(Z)

L(y-Vrz*)?
- f dydPx (z*)

-3V (9
—ln/dPX(a:) - n(2ne)

V2 - 2
—z— -L(V 2z 12—/ x)? In(2
f dzd Py () = Tl / APy (z) = _ In(@re)
V2T 2
- _Eln [ dPX(x)eAX*ﬂf Zo-3a? +§E[(¢XX*+Z)2]—

which finally gives
(11) I(X*;\/XX*+Z):%_Eln/dpx(x)ex\x*mﬁzx;;ﬂ.

The conditional mutual information is defined as

I(X;Y|Z):= EZDKL(PXy|Z||PX|Z ® Py|Z)
Pxyz(z,y]2)

) f Prxyz(wy,2) In PX|Z($||Z)PYZ(?J|Z)
SH(X|2)+H(Y |2)-H(X,Y | 2)
=H(X,2)+H(Y,Z)-H(X,Y,Z)-H(Z)
- H(X | Z) - H(X| Y, Z)

“H(Y | Z)-H(Y | X,Z)>0.

Finally, the chain rule for mutual information (which follows from the definition of the conditional
entropy) reads:

[(X:Y,2)=1(X;2)+I(X;Y | Z).

The I-MMSE formula for inference under Gaussian noise. As already mentioned from
the mutual information one can easily deduce at least one error metric: the MMSE (4). Consider
inference of a generic n-dimensional signal x*, an outcome of X* ~ P, from data corrupted by
Gaussian noise with signal-to-noise ratio A:

(12) y="VAz*+z,

where z is the outcome of standard Gaussian vector with identity covariance N'(0,1,,). The I-MMSE
formula linking the mutual information and the (average) MMSE then reads

[(X* Y) = MMSE(X*|Y)
(13) =§JE||X*—(X>|| =—]E(H —{X)13),

where recall that we distinguish between X ~ P(-|y) and X * the ground-truth signal despite they
play symmetric roles by the Nishimori identity.
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Proof. We have

(X" Y)=H(Y)-H(Y | X*)=H(Y)-H(Z)
with noise contribution H(Z) = §In(2me). Let us then compute

d oy d 1o *deznyfm*\ﬁl o 62nyfmn2
SHY) = [ aP(@)dy n [ dp(x) G

HZH e -1z X(z-x*)|?
[dP(:c )dz( — f P@) Gy
1 *— . X‘_
(14) - mEX*7Z<(Z+\/X(X X)) (X*- X)),

where the Gibbs-bracket (-) is the expectation acting on replica X with distribution
p(m)e—%\\z—ﬁ(m—m*)HQ
[ dP(a)e T A

Now we use a very useful Gaussian integration by part formula, sometimes called Steins’s lemma. It
says that, for any bounded function g : R” ~ R™ of a standard Gaussian random vector Z ~ N (0,1,,)
we have

Pz |y(z", z)) =

E[Z-g(Z)]=EV-g(Z)=Edivg(Z).

Recall we use the - notation for the scalar product. This formula applied to a Gibbs-brackets
associated to a general Hamiltonian depending on Gaussian noise yields

“H(@Z)
B[Z-(h(0)] - BV, L)
[ dP(x)e @2 h(x) Vz H(x; Z)
[ dP(x)e H(=2)
[dP(x)e @2 h(x) [dP(x)e " ®2)vH(x;Z)
[ dP(x)e H(=2) . [ dP(x)e H(=2) ]
=-E(h(X) - VzH(X; Z)) +E[(R(X)) - (VZH(X; Z))].

-E

+E

Applied to (14), where the “Hamiltonian” is 1|z — vV A(z - 2*)|?, it gives

FHO) = GE[(1IX7 - X+ vy (X7 - X))
ZEE[<||X*_X||2>_%<<X - X)(Z + VA(X* - X))
(X X0) (2 VN X))
- SEIX - (X)]?
S CE(IX - (X)13)

which is also equal to £7(X*;Y’), and N stands for “Nishimori”. O
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1.3. Statistical mechanics 101, and links with Bayesian inference. What is statistical
mechanics? A high-level tentative. Statistical physics has been developed in the beginning of
the 20th century in order to describe matter in its various forms, such as solid, fluid or gaseous states.
At the same time was developed another pillar of modern physics'?, namely quantum mechanics,
that allows to fully describe the dynamics of atoms and molecules a the microscopic level (through
the Schrodinger equation). So you might wonder: why should we need yet another theory in order
to describe matter if quantum mechanics already does precisely that? That is a fair question. A first
answer is practical: imagine you are interested in describing the precise dynamics of all molecules
of water in a given drop of water. Even if you would have access to a (classical) computer with
a CPU as large as the observable universe, and that could compute for as long as the age of the
universe (13.8 billion years), yet you could not solve the exact equations of quantum mechanics
that, in principle, describe exactly the motion of the molecules (i.e., positions and velocities). And
even assuming you could compute that by solving exactly the Schrodinger equation describing all
the atoms in this drop of water, storing all this information on a physical memory (on a modern
computer memory technology like SSD, or even on a highly optimized medium like DNA) would
require a volume larger than the observable universe; this is doomed!*...

A second answer is more “philosophical”: do we really care about knowing the precise motion of
each and every single atom forming the system of interest, like this drop of water? In general the
answer is no. What we care about are macroscopic quantities, i.e., that are “averaged” over the
atoms. For example, what you could be interested in is the density of particles in some medium, or
how “disordered” the atoms are (note that the notion of disorder in meaningless at the single atom
level). This will give you meaningful information about the state of matter: very disordered and of
low density = a gas, still disordered enough and of high density = a fluid, ordered state of high
density = a solid. Another example: a material is magnetic if its magnetization, which measures the
(averaged over the atoms) “alignment” of the spins, is non-zero. Here again we do not care about
the microscopic details of which atom has a upward spin, and which ones are oriented downwards.

What we care about are averaged quantities which describe the system
as a whole, i.e., at a macroscopic level, not microscopic one.

This is also because these are the quantities that can be experimentally measured with an apparatus
(as opposed to single atoms motions which are hard to track): density, temperature, viscosity,
magnetization, concentration etc.

A final answer is summarized by a quote'® from Philip Anderson, winner of the physics nobel
prize in 1977 for his investigations into the electronic structure of magnetic and disordered systems,
which allowed for the development of electronic switching and memory devices in computers:

More is different.

13The three pillars of modern physics are 1) Einstein’s theory of relativity that describes the first (and weaker)
fundamental physical force, namely the gravity; 2) quantum mechanics that describes in a unified way the three
remaining fundamental forces: the electromagnetic force, the strong nuclear force (responsible of the stability of the
atomic nucleus through preventing protons to repeal each other in the atomic nucleus in spite that they have same
electric charge), and the weak nuclear force (responsible of the radioactivity); 3) statistical physics which describes
complex systems.

MNote that the numbers appearing in statistical mechanics are order of magnitudes larger that those appearing
in astrophysics and cosmology. For examples there are typically 1024 molecules of water in a drop of water, that is
one million billion billion of them. Check the definition of the Avogadro number on Wikipedia.

15A ctually this is the name of one of its articles.
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This means what it says: complex systems, i.e., systems made of a large number of interacting
components/entities/variables (like the atoms in matter), such as (but not restricted to, as we
will see) solids, fluids or gas cannot be described as a collection of the behaviors of its individual
components. Another way to phrase it is: the whole is more than the sum of its parts. It is impossible
to describe a complex system by first individually analyzing, even very precisely, all its components
and to then try to combine all this knowledge together: a complex system has to be considered as a
whole.

This leads to another fundamental concept:
Emergent phenomena.

Emergence occurs when an entity is observed to have properties its parts do not have on their own.
These properties or behaviors emerge only when the parts interact in a wider whole. You cannot
explain why a solid is what it is (a highly structured system with particular physical properties
like conductivity, resistance to mechanical stress, optical properties etc) from the properties of the
atoms that form it. You cannot understand the dynamics of bird flocks from the understanding of
a single bird behavior. Weather cannot be predicted from the knowledge of single air molecules
dynamics. A financial crisis cannot simply be explained by the behavior of individuals agents. The
success of algorithms to solve complex tasks cannot be reduced to tracking how single bits are
processed. And so on and so forth.

The concept of emergence is intimately linked to another absolutely fundamental concept. Its
understanding and quantification in information processing tasks will be our main goal:

Phase transitions.

A phase transition, which is an emergent phenomenon, is when a complex system experiences a quite
sudden change of certain macroscopic/global properties —called observables— when some external
parameter(s) —called control parameter(s)— is varied (by an external operator, like a physicist in a
lab doing experiments and changing the temperature or the pressure to see how a medium behave,
or a programmer testing its computer code for various parameters). You already know what is
a phase transition, you experience it daily when you cook your pastas: going from a solid state
(i.e., ice) to liquid precisely at 0 degree Celsius (at atmospheric pressure), or from liquid to gas
at 100 degrees, are two of the very many possible phase transitions that occur in nature. In this
case the phase of matter is described by observables like the density and level of ordering of the
atoms, and the control parameter is the temperature. There exist various types of phase transition;
sometimes they are quite smooth (these are called phase transition of the “second order” type),
and sometimes very sharp and discontinuous (of the “first order” type).

Other more “exotic” examples of phase transitions could be: the recovery of a souvenir by the
brain once enough stimuli in the direction of the memorized pattern are provided (a simple model of
associative memory is the hopfield model). Here the observable is the level of recovery of the souvenir
and the control parameter is the amount of stimuli; a crack in the financial market, where suddenly
all prices drop all together; the sudden “rigidity” transition that happens when you randomly pack
enough balls in a box (this is called the “jamming transition”, and this is related to computer
memory optimization or error correcting codes in communication). Or in information processing
tasks: there is a critical noise level in a communication channel above which communication becomes
impossible. This limit is called the Shannon capacity and really is nothing but a phase transition.
The observable here is the quality of recovery of the transmitted signal /information, the control
parameter is the noise (i.e., corruption) level, or the rate of information transmission. A final one.
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Say you want to train an algorithm that, given a large amount of labeled training examples, is
able to distinguish pictures of dogs and cats. There exists a minimum number of training examples
below which, no matter the power of the computer, the algorithm will never be able to properly
classify the images. The observable is the classification performance of the algorithm, the control
parameter is the size of the training set.

“Statistical mechanics” therefore means that we study the motion (i.e., derive the mechanics) of
averaged quantities describing potentially very complex systems, and this thanks to statistics. In
other words:

Statistical mechanics allows to predict macroscopic/global properties of a
complex system from the knowledge of the governing equations at the
microscopic level (i.e., from the local properties of its simple components).
It links the microscopic, overall unpredictable, world
and the macroscopic observable one using statistics.
Here we are interested in “information processing” tasks. This means that the systems of interest are
algorithms dealing with large amount of data. Again, for these processes like for the atoms in a solid,
we are not really interested in the fine details, but more by meaningful averaged “global” quantities

that describe the system at the scale of interest. In information processing, the macroscopic quantity
of interest is often the performance of an algorithm in solving the task it has been designed for.

Equilibrium. A system is at equilibrium when there are no global fluxes and all macroscopic
quantities remain unchanged. Mathematically this implies:

A random complex system is at equilibrium if it explores its allowed

configurations (i.e., microscopic states) following a probability distribution

taking a special form, called “Gibbs-Boltzmann” distribution.

Consider a random system described by the ensemble (X, X", P(-;y,3)), where X = (Xq,...,X,,)
is a n-dimensional random vector with possible outcomes x = (z1,...,z,) € ™. The n-dimensional
vector x is a configuration/microscopic state (i.e., in configuration @ its first component, like a
spin or an atomic position in physics, takes value x1, the second z5 and so forth). In physics the
X;’s are also called degrees of freedom, or spins. The system may also depend on other fixed, or
quenched, parameters y (i.e., that do not fluctuate according to the Gibbs-Boltzmann distribution
defined below). The quenched y are also called disorder.

This random system is at equilibrium if its probability distribution to be observed in the
microscopic configuration x takes the Gibbs-Boltzmann form:

exp{-fH(z:y)}

15 P(X =w;y,p) = P(xz;y,5) =

1) Z(y.5)

The normalization constant, also called partition function, is

(16) Z(y,B) = ) exp{-fH(z;y)}.
reX

The partition function essentially contains all relevant information about the system. A" is the
ensemble of allowed configurations for the system, the configuration space, such as the positions
for the atoms in a the medium, in which case X" = R® and the sum in the partition function is
replaced by an integral; or for magnetic materials made of spins A" = {-1,1}", etc.
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FIGURE 5. Phase diagram of water in the (Pressure, Temperature) plane, the two
control parameters in this case, with boundaries delimited by phase transitions.

The function H is the Hamiltonian of the system, i.e., its energy/cost function: H(x;y) is
the energy of the system when in microscopic state/configuration @. The Hamiltonian defines
the system. It fully dictates the (random) behavior of the system through the Gibbs-Boltzmann
distribution.

The Gibbs-Boltzmann distribution follows from a mazimum entropy principle. It is the solution
of the following constrained optimization problem: Find P such that H(P) is maximized under
Yaexn P(x) =1 as well as the fixed average energy constraint (H(X;y))p = Y pexn P(x)H(x;y) =
E.

Finally  is the inverse temperature and plays the role of Lagrange multiplier in solving the
constraint optimization problem above. Physically speaking, it is a control parameter that allows
to tune the “amount of randomness” in the system. This randomness is, in physical systems, due to
thermal fluctuations, i.e., uncontrolled interactions of the system with the outside world /environment
(also called “thermal bath”). We can see that by looking at the two extremes: when 5 — +oo
(or equivalently the temperature approaches 0,) then the Gibbs-Boltzmann distribution simply
becomes

1
(17) gim P(x;y,0) =

ml(a; e {argmin,, H(x'; y)})

where 1(A) is the indicator function. In the zero temperature limit the only allowed configurations
are the ones with minimum energy; these are called ground states. The system is trapped in one of
these ground states forever, it becomes deterministic (“frozen”) as there is not anymore thermal
energy from the outside that can flow in the system to perturb it through thermal fluctuations. In
this case the partition function Z(y,+oc0) simply counts the number of ground states. In general,
finding the set of ground states or even a single one is not an easy optimization problem at all.

If instead the temperature diverges, i.e., § — 0,, this probability distribution becomes uniform
over all configurations:

11
Z(y,0) ||

(18) lim Plaiy,5) -
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In this case the partition function tends to the cardinal/volume of the configuration space (that
generally grows exponentially with the number of variables n). Tuning the inverse temperature
from 0, to +oo allows to drive the system from totally random (like a gas at very high temperature,
where atoms essentially never interact) to a purely deterministic one (like water frozen at almost
the absolute zero, where atoms are trapped in an ordered crystalline structure and nothing moves
anymore). In between exists a full phase diagram, which encodes in which macroscopic state —states
described by macroscopic global quantities that are averages over the microscopic configurations—
is the system as a function of external parameters, with boundaries delimited by phase transitions.

A quantity of paramount importance in statistical mechanics is the free energy:

1

Fo(y) = —@lnz(y)-

This is because from this quantity we can then locate the phase transitions: these are points where
the large n limit of the free energy is non-analytic. From the free energy we can also derive all
relevant macroscopic/global quantities of interest (average energy density, magnetization, etc), by
simply taking derivatives with respect to control parameters (3, external magnetic field, etc). We
will shortly show that this object is, for properly defined models, well behaved in the sense that 7)
it is self-averaging, i.e., it concentrates onto its mean:

lim E[(F.(Y) - £,)?] =0,
where the average free energy, also called quenched free energy, is

fo=EF,(Y) - —%Ean(Y}.

When this is true it justifies an ensemble analysis: instead of considering a particular realization
of the parameters y defining the Hamiltonian of the model, we can average over Y and this will
give the same results. This is the reason why statistical mechanics makes sense. Moreover i) its
thermodynamic limit exists:

f= lim f,.

These two points imply that
lim_ E[(F,(Y) - /)*] =0,
and therefore convergence in probability: for any e,

lim PE(Y) - f>2) =0.

Bayesian inference as a disordered statistical mechanical problem. A posterior
distribution (2) can be written as a Gibbs-Boltzmann distribution with $ =1 and Hamiltonian

H(x;y)=-InP(x) -InP(y | x).
The second term above is the log-likelihood. The partition function is then the evidence:
2(y)=P(y)= ), P(@)P(y|z).
TeX™

Finally the average free energy is therefore equal to the differential entropy of the data (or Shannon
entropy if the data is discrete) divided by the number of parameters to infer:

(19) £, = 1Ean(Y):%fdyZ(y)ln

n

1 1
2 o)
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So we see that statistical physics, and Bayesian inference and information theory are deeply related.
The data y, or equivalently the ground-truth signal and noise *, z play the role of quenched
disorder in the statistical mechanics analogy. The mutual information is therefore related to the
free energy through a simple additive term:

1

n

I(X*:Y) - %H(Y) _ %H(Y XY= fo- %H(Y | X7,

(20)
The noise contribution ~H(Y | X*) is generally simple to compute because we often restrict
ourselves to settings where the noise is independent for each data point, so that 2H(Y | X*) =
DH(Y, | X*)=2H(Z ) where Z; represents the noise in the process (not necessarily Gaussian),
m is the number of conditionnally (on X *) independent data points. So the real task is to compute
the entropy density of the evidence 2H(Y), i.e., the free energy exactly like in physics.

2. INFORMATION-THEORETIC LIMITS

In this section we will focus our efforts on establishing the information-theoretic limits of inference
in the Wigner spike model, a simple probabilistic model of principal component analysis. This model
is rich enough so that it contains all features of more complex inference problems, and remains simple
enough to fully analyze it in a finite amount of time. We will study it through the lens of various
advanced mean-field techniques, that all take roots in the statistical mechanics of disordered systems.

Spiked Wigner model. We consider a signal-vector * = (x})%, with bounded components.
Its entries x7 were drawn i.i.d. from the same prior Py supported, without loss of generality,
on [-1,1] and with second moment p. You can keep in mind as a running example the simple
case Px = Ber(p) where p € (0, 1] controls the sparsity of the vector. The symmetric data-matrix
Y= (yzj):‘ ;-1 18 obtained through the following generative process, or “observation model”:

A
(21) yij:\/;xfm;Jrzij, 1<i<j<n,

where the noise-matrix enries z;; are i.i.d. outcomes of a standard Gausian N(0, 1) for i < j, with
zij = zji- The inference task is to estimate the rank-one “spike” (z;z7) from the data (y;;) corrupted
by a Wigner noise matrix (z;;). Some applications of the Wigner spiked model include:

e Sparse PCA: In the simplest case the prior Px = Ber(p). The task is to estimate the hidden
sparse, low-rank representation &* ® * (and then |z*| by eigenvalue decomposition) of y.

o Submatriz localization: Again Px = Ber(p). One has then to extract a submatrix of y of
size pn x pn with larger mean.

o Community detection in the Stochastic Block Model: Recovering two communities of size pn
and (1 - p)n in a dense SBM of n vertices is “equivalent” to the spiked Wigner model with

(22) P =08 seygs + (1= P foisy:
e 7./2 synchronization: The prior is Rademacher Px = %5_1 + %51. The task is to determine
the nodes states &* € {-1,1}" (up to a global sign) from noisy pairwise products y.

There exists a non-symmetric version called spiked Wishart model:

A
yij:\/ju;v;+zijv ie{lv"'?n}?je{l""m:@(n)}'
n
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Some applications of it include

e Sparse PCA/spiked covariance model: The signal is u* with Py = Ber(p). The matrix v*
with P, = N(0,1) is then interpreted as a noise matrix. The observations y;, i.e., the
columns of y are then i.i.d. outcomes of

N(O,In + %u* ®u*>.

The goal is to recover the spike u* ® u* of the covariance.
e High-dimensional clustering of m noisy n-dimensional points in k clusters: Consider the
rank-k version of the spiked Wishart model where u* € R"*, v* ¢ Rmxk:

A k
yzg = g uifvjﬂ + le.
=

Then the columns of u* are n-dimensional vectors representing centers of k different clusters.
The lines of v* are uniform permutations of the k-dimensional vector with a single one
(1,0,...,0) selecting the cluster to which belong the noisy point y; with j € {1,...,m} (the
columns of y).

In the spiked Wigner model we have very many ©(n?) observations for reconstructing few
parameters, i.e., ©(n), but each observation is mostly noise because of the 1/\/n scaling. The total
signal-to-noise ratio (SNR) per parameter: # observations - SNRs/# parameters to infer, where
SNRps denotes the SNR per observation, needs to be ©(1) to make the inference problem not
trivial nor impossible. In the present case we have access to n(n —1)/2 independent observations
and SNRps = E[(X1X2)2]\/n = p?A/n. Therefore we check

n(n-1)  p*A 9
(23) %:%m(un):@m

This explains the presense of the scaling 1/y/n in the observation model (21). Note that any other
scaling would make the estimation task either trivial if the total SNR per parameter tends to
infinity, or impossible if it tends to zero.

We suppose that we are in a Bayesian optimal setting where the prior Fy as well as the noise
distribution are known so that the true posterior is known.

T 4 1<i<j<n

(24) P(x|y) o ﬁpx(xi)(%exp{—% Z (yij_\/gxixj)Q}

(25) = ﬁPx(wi)eXp{—H(w;y)},
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where, after simplifying all the z-independent terms with the normalization, the Hamiltonian and
partition function are

(26) H(wy) =), (%962 e yz‘j\/gmj)

i<j

A A
= ZZJ:( nx TITT; - \/;Zijxﬂj)a
zw- [T gdpxm,-)exp{—%(m;y)}.

We used the definition of y = y(x*, 2) to express the Hamiltonian as a function of the independent
variables. Due to these simplifications, you can easily check that the more convenient free energy
expression

1 1
foi=——EInZ,(Y)=-—E Z,(X", Z),
n n

(here we emphasize that we can equivalently express the free energy as a function of the data or of
the independent signal and noise) is related to the Shannon entropy of the data and the mutual
information through

p? 1
In(2me) + _)\n_’
4 n

2)\71 1
4

Working with this definition of the free energy f, rather than +H(Y) will slightly simplify
computations. As before, the expectation w.r.t. the posterior is, for any bounded function g,

(9(X)) =E[g(X) | y) = [ dP(z]y)g(=).

The notation E is the expectation w.r.t. the quenched variables instead. Objects of the form (g(X))
are functions of the quenched variable(s) y, or equivalently x*, z. We keep the notation X for a
sample from the posterior P(- | y).

LH(Y)=fe "

(27) —f(X* Y)=fu+

Link with the mean-field spin glass, and gauge symmetry in the binary case.
The most studied disordered statistical mechanics model is the mean-field spin glass, also called
Sherrington-Kirkpatrick (SK) model. Let @ € {-1,1}". The Hamiltonian of the SK model reads

7—[ ( ) Z P ( ) e‘BHSK(mZZ)
SK\L;2) = Zz TiZy, SK\L; %)= —F——F7~>"+>
1<i<j<n ’ ’ ZSK(ﬁa Z)

where z;; are i.i.d. outcomes of a standard Gaussian random variable N'(0,1). Notice that this
Hamiltonian is the same as the one of the spiked Wigner model with binary variables (again only
the z-dependent terms are relevant when defining the Hamiltonian):

A A * ok A
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when only the noise term is present and A is set to 1. The additional signal-related term
— Vi ;\L T is called planted term, and inference models are planted models. The planted term
plays the role of external magnetic field that tends to align the spins in the signal direction.
Observe that the Hamiltonian of the spiked Wigner model is invariant under the change of
variable y;; — ywx;*x]* and x; - ;x}, which implies invariance of the associated Gibbs-Boltzmann
distribution and Gibbs-bracket; this change of variable is called a gauge transformation because of
this invariance. Using this gauge transformation it is an exercise to see that the spiked Wigner
model with binary variables z} = +1 is perfectly equivalent, i.e. we have equality of free energy and
of the expectation of any observable, to the spiked Wigner model with z¥ =1 forall¢=1,...,n

Ex-Eyix:(g(Y, X", X®, ..., X®))

=Eyixa{g(Y, X" =1, X® . xX®))_

where in the second bracket the signal X* is set to the all ones vector. By the Nishimori identity
this is also equal to

2 Ex-Byix-(g(YV, XD, X®,... X®))
= Eyix-oa(g(Y, X0, X3 X®))

X*=1

The X (@)’s are i.i.d. replicas drawn from the posterior associated with the bracket acting on them.
This implies, e.g.,
N
(29) IE’Y|X*:1<CZ()((1)7 X(2))>X*=1 = EY\X*=1<M(X)>X
where the overlap between replicas Q(z(, () = L ¥, 2M2® and the magnetization M (z) =

% > x;. Again by Nishimori (29) is also equal to the expected overlap with the ground truth (or
between two replicas by the Nishimori identity) in the model with z} = £1

- EEx-Eyx-{Q(X, X)) EEx-Eyx- (Q(X 1, X))

In the binary case the gauge symmetry therefore allows to remove the dependence in the planted
signal. The planted SK model, i.e., the binary spiked Wigner model, is then equivalent to the
original SK model but with # =1 and noise that is ferromagnetically biased:

Hoplanted Sk (T3 Y) = Z Yij Til;

1<i<j<n

where ¢;; are now i.i.d. outcomes of N (%, %) These observations are due to Nishimori, and the
consequences such as (29) are the “original Nishimori identities”. Identity (5) is the generalization
to models without gauge symmetry. Calling in general m and o? the mean and variance of the
quenched interactions z;;, in the plan (m,o?) the line

m = o>
(when 8 =1) is called “Nishimori line”. Spin glass models living on the Nishimori line can always
be re-interpreted as inference problems in the Bayesian optimal setting. For more general inference
problems than ones with a gauge symmetry, the Nishimori line is defined by the parameters
values such that (5) is verified, i.e., such that we are in the Bayesian optimal setting: the assumed
parameters in the posterior match the true parameters used for generating the data.
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FIGURE 6. Graphical models/factor graphs associated with different inference and
combinatorial optimization problems of a mean-field nature (the two first are dense
models, the two last are sparse/tree-like). Starting from left: the factor graph of
the spiked Wigner model (the factors connected to a single node represent the
independent prior contribution Px(x;) encoding, e.g., the domain of the variable
etc), of high-dimensional linear regression, of the coloring problem, of a low-density
parity-check code.

Zi

o ay) =0

2.1. Replica symmetric formula for the mutual information. Replica symmetric for-
mula. The main result we will prove is the following asymptotic formula for the mutual information:

Theorem 1 (Replica symmetric formula). Let the signal prior Px be bounded with second moment
p. The mutual information for the spiked Wigner model verifies

n—+o0o

1
lim —I(X*;Y) = inf i®9(g;\ p),
q¢[0,p]
where, letting X* ~ Px and Z ~N(0,1), the replica symmetric potential is
: A . .
(g, p) = 7= p)* + (X5 Ag X7 + Z)
A A
= Z(QQ +p?)-Eln [dPX(a:) exp {)\q:cX* +\/\qZx - 7(1:1:2}

Decoupling: mean-field interpretation. Looking at this formula something peculiar appears:
the computation of the mutual information of the high-dimensional model (21) has been reduced to
a simple scalar optimization problem. In the replica potential appears the mutual information of a
much simpler inference problem, namely, denoising under Gaussian noise:

y=\A\gx*+z.

Lets us look at the stationary condition of the replica symmetric potential. For any finite \ it is

not difficult to show that the infimum is attained away from the boundaries, so we compute, based
on the I-MMSE formula:

di(RS) A A
Zd_(q) - 2(a-p) + SMMSE(X" Vg X" + 2).
q
Cancelling this derivative we obtain the stationary condition:
(30) q=p-MMSE(X*|\/A¢ X* + Z) SE[X*(X),].

We used the consequence (6) of the Nishimori identity. The bracket (-), is the expectation w.r.t.

the measure
Px(x) exp{AqzX* +/AgZx - %xz}
[ dPx(a") exp {A\qz' X* +/AqZx' - %(m’)Q}.
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1 e~ 3 (VAqozi—VAqoz; ~2:)?

F1GURE 7. Visualization of the decoupling phenomenon happening in the thermo-
dynamic limit: the left model is the original one, the right one is an asymptotically
“equivalent” mean-field model with effective Gaussian factors, with SNR related to
the minimizer ¢q(A, p) of the replica symmetric potential.

Among the solutions of this self-consistency equation the one minimizing the replica symmetric
potential, denoted qq = qo(A, p), plays a special role: it is linked to the MMSE as we will see next.
So we see that the best error reachable for high-dimensional PCA collapses to the analysis of the
MMSE of a scalar/decoupled inference problem.

This reduction from a high-dimensional model to a low-dimensonal one is typical of mean-field
models. Mean-field models, for which such dramatic reduction in complexity is possible, usually
belong to one of two possible classes: fully connected models, defined by complete graphical models,
and sparse tree-like graphical models, see Fig. 6.

Minimum mean-square error. As a consequence of the replica symmetric formula for the
mutual information we obtain by application of the -MMSE identity a simple formula for the
(matrix/spike) MMSE:

Corollary 1 (Minimum mean-square error). Under the same assumptions as in Theorem 1 and
for all (X, p) such that the minimizer of the replica symmetric potential is unique, in which case we
denote this unique minimaizer

qo(A, p) = argmin i) (¢; A, p),
qE[O,p]

the spike-MMSE (or matriz-MMSE) verifies:

. 1
lim —
n—+00 n2

Here (X @ X)=E[X ® X | y] is the spike posterior mean (the MMSE estimator).

E|X*® X* - (X ®X)|t=p"—q()p)*

Proof. For a sequence of concave functions with a pointwise limit, the limit of the derivative is the
derivative of the limit. Let I ¢ R and (g, )0 be a sequence of concave functions on I that converge
pointwise to g. Then for any z € I where ¢’(x) exists we have lim,,_, g/ (x) = ¢’(x). Indeed by
concavity

lim g, (x) > lim gn(2 +€) = gn(2) = 9(z+2) ~g(x)

n—+oo n—+oo I I 15

!
Y g'(zy).

Similarly we obtain lim, e g, (2) < g'(x-). If ¢ is differentiable at = then ¢'(z,) = ¢'(z-) = ¢'(z),
thus the result.
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FIGURE 8. Figure from [7]. Plot of the minimum mean-square error given by Corol-
lary 1, the MSE of the approximate message-passing algorithm and of naive PCA for
the spiked Wigner model with prior given by (22).

The sequence of functions we have in mind is the mutual information density 17(X*;Y"), which
are concave in \. Indeed by the I-MMSE formula
d 1

d__I(X* Y)= 27112 ZE[(X;Xf - <Xin>)2]

i<J

(31) - LEIX 8 X' - (X 8 X)[3+ O(1n).

The MMSE is clearly a non-increasing function of the signal-to-noise ratio A (“information can’t
hurt”), which can also be verified by direct computation. Consider (A, p) so that the minimizer of the
potential is unique: qo = qo(A, p). By Theorem 1 the mutual information converges to i(®5)(gq; A, p).
It is not difficult to show by direct computation that go(\, p) € (0, p). Therefore it must be that
the g-derivative of i(®S) cancels at qg = qo()\, p) and thus, using the -MMSE relation,

d 1
lim ——I(X*"Y) = <RS> D)
H—Eloo \n ( ) (q07 7p)
8
8/\Z(RS)(QO7 A p)
_(p=w) 4q°) + %MMSE(X* | VA@X* +Z)
_ (P-q)*  q
= 1 5 (P =)
_PrP-a4
4
using that go(\, p) verifies the stationary condition (30). Comparing this result with (31) in the
thermodynamic limit n - +oco ends the proof. O

Phase diagram and MMSE. Now that we have a rigorous tool to locate the phase transi-
tions/information theoretic limits, let us plot the phase diagram of PCA.

2.2. A powerful (exact) heuristic: the replica method.
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FIGURE 9. From [8]. Phase diagram of the spiked Wigner model with Bernoulli
parameters X; ~ Ber(p) as a function of the sparsity p and inverse of the SNR A (left)
or the inverse of the total SNR given by snr := \p? (right), see (23). There is no phase
transition in the system if p > 0.04139 and a first order phase transition else. The lower
green curve is the algorithmic phase transition of the approximate message-passing
algorithm, see section 3, that converges to (Aago) ™! = ep?. The dashed black line is
the information theoretic threshold. The upper red curve is the dynamical spinodal
where the informative fixed point of state evolution disappears. The orange hashed
zone is the hard region in which AMP is sub-optimal (as any known sub-exponential
complexity algorithm). In the rest of the phase diagram (green hashed) the AMP
provides in the large size limit the Bayesian optimal error.

2.2.1. “Single-letter” derivation. The replica method has been developed for the study of the
thermodynamic properties of disordered statistical mechanical models such as spin glasses. It is
based on one of the following equivalent identities, coined replica trick:

CEZ(Y)M]-1 ;k InE[£(Y)"]-  WE[Z(Y)"]

Eln Z(Y) k»o+ k k-0, ka0+ k

where the replicated partition function is
Z(y) = [ aP({al}) exp{ - zmw )

using the notation [ dP({x¥})-+ = [pu [T i [T7; dPx(2%) -+, and where the Hamiltonian is (26).
This is the partition function of k replicas {R" 3 % := () : ¢ = 1,...,k} drawn i.i.d. from the
posterior (25) which is oc exp{-H(-;y)}. Choosing your favorite form of the replica trick, the
asymptotic free energy (related to the mutual information by an additive constant) reads

- 1 InE[Z(Y)]
(32) Jim fu=- lim SEZ(Y) = - lim lim ==

We therefore compute the moments of the partition function E[Z(Y)*] as if k € N and then we’ll
do an analytic continuation to the reals with £ — 0, and hope for the best.

We compute

E[Z(Y)*] = EX*IE“X*fdP({a:’f} epo( Zj\/gimfx?—%i(xfxgy)

i<j

We now integrate the quenched Gaussian variables

Y, ~ N(\/7X X;,1).
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Using the Gaussian integration formula (also called Hubbard-Stratonovich formula when seen from

right to left)
[dzexp{ az? +bz} = \/7exp—

and, letting the sum Y. be over {a,be {u,u+1,...,k}:a#b}, we obtain

E[Z(Y )] = Ex~ f dP({x%})exp Z{ Z TIXFat X+ fozfzjx?}
i<j L
Because the prior matches the ground-truth distribution Ex«--- = f dP(x*)--. Then, denoting
z* =20 and [ dP({xf}) = [eneen [Thso Ty dPx (3¢)-++, the replicated partition function can be
re-expressed as

E[Z(Y)¥] fdP({zco})exp ZZ:L‘ alx

(P i<j

(33) :[dp({w’g})expﬁ2{(;:5;?:53)2_;(5[;% ).

We observe here a direct consequence of the fact that we are considering the problem in the
Bayesian optimal setting (i.e., the posterior is known): the ground-truth plays a perfectly symmetric
role as a replica (i.e., a sample from the posterior), thus the notation * = x°. Averaging the
(random) quenched disorder Y therefore converted a disordered system made of k independent
copies/replicas, each dependent on Y, into a non-disordered system but where the replicas are now
coupled.

From there we use the Hubbard-Stratonovich formula (with a = nA/4, b= (\/2) ¥; z¢2?) in order
to decouple the spins in the “real space” (i.e., we linearize the sums overs ¢) by introducing coupling
Gaussian fields:

o 2 (Sott) - ()

a+b " i=1

0,k

n)\qa )\qa
Ak(lﬁl) qexp Z { b b Z 331 i }

Therefore the rephcated partition function equals

——anb [dP({wé})Hexpz{ et~ 2 (agat)?)

E[Z(Y)"] =

( Jgk+1 dP(x) exp Zg’fb{%xal’b—G(l/n)})

- [ dgexp{ -ns.(a)}:

where the ©(1/n) = 2 (292?)? (recall the prior has finite support so 2 (z¢2%)? vanishes in the large
n limit), and the effectlve ‘action” is

(k+1), nA PR Aab
@) = -2 Sy 2 [ ap @ oy — (1
Su@)= =5 e 1 - [ <m>exp§{ T2ata’ - O(1/n)}.

We assume that the large n and small £ limits in (32) commute:

k k
Clim tim REEZODM i REEZOOT
n—+00 k-0, nk k—04 n—>+oo nk
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Then at fixed k (which is still interpreted as an integer at the moment), the large n limit is evaluated
by the Laplace/saddle point method (recall the prior is bounded so the term 2 (z%z%)? in the

action S, (q) can simply be set to zero)'®:
k
L WE[ZY) - S(g)
n—>+00 nk q k

where §(q) =lim, -0 Sn(q). We see that the action is invariant under permutations of lines and
columns of the matrix (q,p). This suggests a natural ansatz: the replica symmetric ansatz assumes
that the saddle point lies on the subset!”

g =q forall a#b.

The replica symmetric ansatz therefore simplifies the action to

SgJ) _(k: 1) %ln_[Rk+1 dp(m)exp¥{(§(;xa)2_azig)(xaf}.

Using once more the Hubbard-Stratonovich formula (with @ = 1/2 and b= \/AgX"_, %) in order to
decouple the spins but this time in the “replica space” (i.e., linearizing the a indices), and letting
Z ~N(0,1), we get

(34) ng) = (k+ 1) %maf I}JdPX(x“)exp{\/)\_qZ:Ba—%(xaf}.

The replicas are now decoupled. Let X% = X* ~ Px. Letting k - 0,,

%mﬂz[ ﬁdPX(x“)exp{\/A—quU”—%(xa)Q}

1 q 2 k
— E In O)e——+\/ Nqzal- A (:1:0) f dPX(a?)e/ z:):—*ft )
1 . v k
= —l )e 2(2 VAqx ) f dPX(x)e ZZ**LE )
V_

*—MJ}2 k
=%lnE fdPX(x)emZ“’\qu 2 )]

(35) =ElnfdPX(x) exp{\/Aqu+)\qu* - %x2}+0(k).
We used the change of variable z - 2z — \/Agx* from third to forth lines, and
1 1 1
ElnE[Uk] = ElnEeXp(kan) = Eln(l +kEInU + O(k?*)) =EInU + O(k).

1611 a non-planted problem such as the Sherrington-Kirkpatrick model, the ming S(g) would be replaced by a
extrqS(q). This is because as k — 0, the minima become maxima. But due to the precense of the planted signal,
which is equivalent to a 0-th replica by the Nishimori identity, this does not happen. This is easily seen: e.g., in the
SK model the term corresponding to the one multiplied by k + 1 in expression (34) would instead by multiplied by
k — 1. Therefore the sign would be reversed as k — 0, which is connected to the swith from minima to maxima.

"More complicated ansatz, associated to a spontaneous breaking of the overlap matrix permutation symmetry,
are called replica symmetry breaking ansatz, and were developed by Giorgio Parisi for the study of the Sherrington-
Kirkpatrick model.
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The simplified action in the limit limy_q, min, +8(g), and therefore the conjectured asymptotic
free energy, reads

n—>+00

(36) lim f,= mln ——Eln[dPX(x)eXp{\/_ZQJ‘F)\qu* )‘2 }]

Adding the missing term p?\/4, as seen from the link (27) between free energy and mutual
information, we (heuristically) recover the expression of Theorem 1 for the mutual information.

2.2.2. “Two-letters” derivation. There exists an alternative derivation by the replica method leading
to a more generic (yet equivalent) variational formula in terms of a two-letters potential.

The derivation is the same until (33). This identity shows that the replicated partition function
depends on the “microscopic configurations” {x?} only through the “macroscopic” overlap order
parameter Qg = Q(x%, ) = Lo - b:

B2V = [ aP((aih e Y Qa2

azb

We dropped the sub-dominant 23/ or by (x2b)? from (33) that plays no role in the large n limit.
The expression above suggests to introduce the multiplicity expI'(q) of the configurations {x?}
which have a given overlap matrix (Qu) = (¢ap) through the identity:

expT(q)+= [ dP({ah}) []o(an - Qa",a")).

a+b

So I'(q) is interpreted as the entropy associated with the configurations with overlap g. We therefore
have the identity

(37) 1= f dgqexpl'(q)
1 0,k )
) % [Rnk(ml) ({wo}) _/Rk(k+1) iRk(k+1)dq exp Z Qab(qab - Q(a:a, xr ))

a+b

Note that the integral over the ¢,;’s are on the imaginary axis. We used

:iﬁfRda:]i;Rdiexp{i(x—a)}=fdl’5(x)'

This identity is at the origin of the formal Fourier represention of the dirac delta function:
§(z) = 5= [z diexp(iz). Note that this can only be used inside an integral over z otherwise the
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integral [ d#exp(Zz) is not convergent'®. We plug (37) in the replicated partition function:

E[Z(Y)"]
1 \k(k+1) n . )\nqg
-(5-) dP({mé})dqdqexp(;{qab(zxz ! = ) + )
1 \k(k+1) ¢
:(%) qudq(epo{— = Gabqab [ dP(w)eXp;)qabx T )
(38) = quddeXp{ -n8,(q,4)}
with effective action
k(k-i—l) 0,k )\qab_A

Sn(q,4)=

Note that the decoupling in the real space (over the indices i, 7) took place automatically as a
consequence of the fixed overlap constraint. As n - +oo we evaluate this integral by saddle point
assuming a replica symmetric ansatz for the solution:

Z{ y Gablab 1nf dP(m)eXquabx b

a+b a+b

~

Gav=q and  Gu = g for all a#b.
Then the saddle point evaluation gives
InE[Z(Y S(q,q
(39) iy RELEEOD] L S(0.0)
n—+00 nk 2,4 k

where the replica symmetric action is

S(q q) = (ke 1)( Q_)‘i 1 /dP(:c)exp {(az: a)2 _;l:[:)(xa)?}.

As the integral we estimate by saddle point lives in the complex plane, we need to extremize (not
minimize). The extremization (39) is therefore over ¢, ¢ € C: the effective action is holomorphic
so the complex integral (38) is deformed, without changing the integral value, in order to pass
through the extremum saddle point.

Let S(q,q) =lim,, 100 Sn(q,q). In order to decouple the variables in the replica space (indices
a,b) we use the Hubbard-Stratonovich transform with a = 1/2 and b = \/§ X%, z2. With Z ~ N(0,1)

it yields
S(fi D _ (ks 1)(61‘1_& 2 fdP(a:)eXp {(zkj “) —é(way}

= (k+ 1)( q—LQQ ——1 Ef rgdp(xa)exp{\/ézxa—g(xaf}.

Letting k& — 0, we obtain, by similar manipulations to those leading to (35), that the free energy
given by limy_o, ming 4 :8(q, q) is (here X* ~ Py)

lim f, =extr [%QA—)\TZ—ElnfdPX x)exp{\/_Z$+qu* QA }]

n—+oo q,q9

18T0 cure this issue one can regularize this integral using instead the Poisson kernel 7.(z) in the limit ¢ — 0.,

where n.(z) i=¢/(n(e? + %)) = 5= [ dE exp(dz - |e2])
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Let us denote by f(®9)(q, ) the two-letters replica symmetric potential, i.e., the function above
inside the bracket [...] that is being extremized. The stationary conditions for this function are

d ) )
d_qf(RS)(q,Q) =0 = =\

The second stationary condition gives

d ZX 1 X2
— B (g, 9) =0 —2R(—— — + XX -
gl (@) = ¢=28( > it 5 )é

_ 2E<(X; . XzX’) LXX X;%

N E(XX),.
where the bracket (-); is w.r.t. the measure o« dPx(z) exp{\/¢Zz + Gz X* - 22¢/2}. Plugging the

first stationnary condition in the two-letters potential, one recovers the single-letter potential that
is minimized in (36).

2.3. Why ensembles matter? Concentration of the free energy. In this section we prove
concentration of the free energy, which justifies an ensemble (average) analysis of large probabilisic
models. Because the free energy (or equivalently the entropy and mutual information) concentrates,
computing it for a single large instance of a problem is equivalent to computing it expectation over
the problem ensemble. Therefore the locations of phase transitions and the values of the different
error metrics become asymtpotically independent of the particular problem realization, because
with high probability as n — +oco this realization is typical, and the ensemble analysis provides the
typical behavior.

Proposition 1 (Free energy concentration for the spiked Wigner model). There exists C' a positive
constant that may depend on everything but n such that

1 2 C
El(-—InZ,(Y)-f.) |<—.
(-amz0)-5) <3

The proof will be based on two classical concentration inequalities, namely:
Proposition 2 (Gaussian Poincaré inequality). Let U = (Uy,...,Ux) be a vector of N independent
standard normal random variables. Let g : RN — R be a continuously differentiable function. Then

Var(g(U)) <E[vg(U)|5.
Proposition 3 (Efron-Stein inequality). Let U c R, and a function g : UN - R. Let U =

(Ui, ...,Uyn) be a vector of N independent random variables with law Py that take values in U. Let

U q vector which differs from U only by its i-th component, which is replaced by U; drawn from
Py independently of U. Then

Var(g(U)) < % ;EU]E@[(Q(U) -g(U®))?].

We start by proving the concentration w.r.t. the Gaussian variables:

Lemma 1 (Concentration w.r.t. the Gaussian noise). We have

E[( - %mzn(x*, Z)+ %Ez In Z,(X* Z))Q] < %
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Proof. The proof is based on Proposition 2. Fix all variables except Z. Let g(2) := -+ In Z,(x*, 2)
be the free energy seen as a function of the Gaussian variables only. The free energy gradient w.r.t.
these reads

n ag 2
E|vg(Z)|3=E .
[v9(2)13 ;j(%)

Let us simply denote H := H(x;x*, z). We then compute (recall the support of the signal [-1,1])

dg \1_ 1 OH\21 A 97 A
E[(a?ij) |- EE[(@) | = SELXXGT <
Therefore Proposition 2 directly implies the stated result. O
We now consider the fluctuations related to the signal:

Lemma 2 (Concentration w.r.t. the spike). We have
1 21 2
E[(- Bz Z,(X",2)-f,) | <=
n n

Proof. The proof uses this time Proposition 3. Let g(X*) := -1EzIn Z,(X*, Z). Define X ) as a

vector with same entries as X* except the ¢-th one that is replaced by X S drawn independently
from Pyx. Let us estimate (g(X) - g(X®))2 by interpolation:

Bl(o(X") - a(XC))?] =B ( [ dsoa(sX"+ (1-9X ) ]
- E[( [ as(Hesxe - (-9 X0)) ]

n2

- %E[(Xf - Xf)2<%Xi 2. Xij>2]

J(#4)

2
< —.
n2
Here H(sX* + (1-5)X () is the Hamiltonian with X * replaced by s X* + (1 -s) X (*)). Therefore
Proposition 3 implies the claim. O

2.4. Replica symmetry in inference: overlap concentration. In this section with present
techniques allowing to prove the concentration of the overlap in a general optimal Bayesian inference
setting. This is called replica symmetry in physics and is a key result.

The trick is the usual one of statistical mechanics: add a source term. This mean that we add
in the Hamiltonian a term which derivative will be connected to the object we want to control.
E.g., if the Hamiltonian defining some spin system is (o) and you want to know what is the
magnetization my, := % >, 0; you can add a control parameter (an external field) conjugate to the
magnetization:

H(o) > H(o)+h Zoi.
i=1
Then a derivative of the free energy w.r.t. the external field around h =0 allows to compute the
average magnetization:

d 1 H n d
1 - - (O )_hzi: 9 =] _— =1
}Llr% hnln E € 1 }LlH(l) h ’n(h') }Lln’(l) (mn>h
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In general, if there are phase transitions, the result may depend on how is taken the limit. E.g.,
in the Curie-Weiss model below the critical temperature the magnetization limy_o(m,), will be
positive or negative depending wether the limit is taken from above or below zero. Second derivatives
then provide information about the ﬂuctuations of observables. Here,

1 a2 )
L) = = =~ (b)),

So the free energy with a source term is a moment generating function of the conjugate quantity
to the source: physically, changing a bit a control parameter, i.e., taking a derivative w.r.t. the
external field, allows to probe the conjugate physical observable, here the average magnetization.

Consider the most generic inference channel, with data generated as
~ Pout(' | :B*).

The conditional distribution P, is a totally general likelihood, and is assumed to be known in
addition of the prior P used to generate the signal * (with bounded components in [-1,1]), so
that we are in the Bayesian optimal setting.

We want to gain information about the MMSE, or equivalently the overlap @ := %w -x*. Naively
one could just add a source term proportional to it. But the whole proof will strongly relies on
the validity of the Nishimori identity; without it the overlap concentration is not expected to hold
in general. Validity of the Nishimori identity is verified as long as the model we consider is an
inference problem in the Bayesian optimal setting. So the source we add must itseld come from an
inference/observation channel. One possibility is to consider having additional infinitesimal side
information coming from a decoupled Gaussian channel. So the perturbed model is:

{y 0ut(|w)
Yy =Vext+z,

where 2 is an outcome of N'(0,1,). The SNR ¢ € [s,,,2s,] of the side channel is very small as we let
the sequence s, € (0,1/2] vanish with n. Therefore in the large n limit we will recover the original
model. The Hamiltonian for this perturbed model becomes

H(z;y,9) = —In Pous(y | ) + Hpers (2 9),
where the pertubation Hamiltonian is
- € -
My (:5) = Sll? - Vo
(40) :gﬂwHQ—ew-w*—\/Ew-i.

We replaced y by its expression. The posterior, partition function and Gibbs-bracket read

P(x|y,9) = M with Z(y,9) = fdp(m)e—ﬂ(w;y,g)
’ Z(y7g) ’ ’ ’

and (g(X)). = [ dP(@|y.9)9().

e oy 1d o L=x)? x-Z
(41) L@ 2)=L= - H@yg) = (5 -2 -T7)
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The overlap fluctuations are upper bounded by those of £ as
(42) E((Q-E(Q).)?), < 4E{(L - E(L).)?) .

The point is that as £ is linked to the free energy derivatives we will able to control it, and, because
of the Nishimori identity (i.e., that we consider Bayesian optimla inference) we can relate this
natural object £ to the one of main interest: the overlap. A detailed derivation can be found in the
appendices and involves only elementary algebra using the Nishimori identity and integrations by
parts w.r.t. the Gaussian noise Z;. Therefore this identity is totally generic in optimal Bayesian
inference. The concentration of the overlap is then a direct consequence of the following result
which is general. It applies also away from inference, optimal or not, as this result depends only on
the form of the perturbation (40) and strucural properties of the free energy:

Proposition 4 (Total fluctuations of £). Consider a statistical model described by an Hamiltonian
perturbed by Hpert(2;9) given by (40) where ¢ € [g,€] €[Sy, €] a bounded interval and where s, is a
positive vanishing sequence, and that x is bounded. There exist constants C; > 0 independent of n
s.t.

+ —.

13 _
5 g) L0 In(g/e) Cs
n n

f:dsE«L ~E(£).)?). < i

ns2
In particular, choosing [g,&] = [Sn,2s,] this implies that there exists a constant C' >0 s.t.

28n 9 C
[sn d=E((L-E(L).)?). < o

Note that this results imposes that s, goes to zero as n™® with 0 < o < 1. This has a physical
meaning: if the perturbation/side-information is too weak the system does not “feel it” so that the
perturbation cannot force the overlap to be self-averaging. The average over a small window of
e is not an artefact of the proof. Indeed, there might be a (zero-measure) of A values (and other
parameters of the problem such as p etc) where, in the n - +oo limit, there are phase transitions.
These precisely manifest by non self-averaging of the physical observables such as the overlap. But
averaging over a vanishing window of €, which importantly is independent of the other control
parameters like A, allows to “smoothen” the overlap fluctuations, effectively cancelling the dramatic
effect of possible phase transitions.

The proof of this proposition is broken in two parts, using again the decomposition
E((£-E(L))?). = E((£ - (£).)*), + E[({£)- ~E(L))*].

Thus it suffices to prove the two following lemmas. The first lemma expresses concentration w.r.t.
the posterior distribution (or “thermal fluctuations”) and is a direct consequence of concavity
properties of the average free energy and the Nishimori identity. The second fluctuations are w.r.t.
the quenched disorder.

Let the free energy of this generic pertubed model be, as usual, defined as minus the log-partiton
function:

. 1 . -
Fo:(y.9) = - nZ(y,y), fone=EF,(Y,Y).
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We have the following identities: for any given realisation of the quenched variables

(43) Locly¥)_p).
(44) LEBWI) (2 (0).7?), 4 g (X). 2.

Averaging (43) and (44), using a Gaussian integration by parts w.r.t. Z; and the Nishimori identity
E(X;X). = E[(X;)?] we find

(45) e _R(e). = -5 BIX).I = -SEQ(X X)),
(16) Lhe - g((e—(0).77), + T B(IX - (X)),

The first identity is similar to the -MMSE formula, except that as we worked with an Hamiltonian
where the z-independent terms have been simplified, it is the overlap instead of the MMSE that
pops out when deriving the free energy w.r.t. the SNR.

Lemma 3 (Thermal fluctuations of £). Consider a statistical model described by an Hamiltonian
perturbed by Hpert(x;9) given by (40) where € € [g,€] a bounded interval, and that the prior
distribution P has finite second moment p. We have

[F B (0.y), < £(1+ E),

4

Proof. From (46)
E{(L—(£).)). =~ e s Lopx o (x).p2).

n de? 4n2e
Al
n de?  4dne’

where we used nMMSE = E(||X—(X)a||2>€ < E(||X||2>E SE|X*|2 := np. We integrate this inequality

[ ety [ [
(Lt - - e 9)) + L),

From (45) we have |df,,./de| = |[E(Q):/2| < p/2 so the first term is certainly smaller in absolute value
than p/n. This concludes the proof. OJ

The second lemma expresses the concentration w.r.t. the quenched disorder variables and is
a consequence of the e-concavity and concentration of the free energy onto its average (w.r.t.
the quenched variables) This idea is to relate the quenched fluctuations of £ to the difference
of e-derivatives of the free energy and its expectation. Now, because the free energy is (almost)
concave in €, and it concentrates, then its derivatives should concentrate too, which gives the result.

Lemma 4 (Quenched fluctuations of £). Consider a statistical model described by an Hamiltonian
perturbed by Hpert(;9) given by (40) where € € [g,€] €[Sy, &] a bounded interval and where s, is a
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positive vanishing sequence, and that x is bounded. There exist constants C; > 0 independent of n
S.1.
€ 1/3 In(g/e)
deE|((L£): —E(L <C + Cy————=.
JaeEle) B <6 (7)o

Proof. Consider the following functions of ¢:

F(e):=F.+ ii

n

(47) f(e) =EF(e) = fae +

3|%

e

Because of (44) we see that the second derivative of F(¢) is negative (recall the signal components
are bounded by 1) so that it is concave. Note F,, . itself is not necessarily concave in ¢, although

fne is. Evidently f (¢) is concave too. Concavity then allows to use the following lemma:

Lemma 5 (A bound for concave functions). Let G(x) and g(x) be concave functions. Let § > 0
and define C5 (x) =g (x - 6) —¢'(x) >0 and Cf(x) =¢'(x) - g'(x +9) >0. Then

G'(z)-g' ()] <07 30 |G(u) - g(u)|+ C5 (2) + G5 (2).

ue{x-0,z,x+d}

First, from (47) we have

(48) F(e) = f(e) = Fu(e) = fule) + VEA,

with A, := 237, (|Z] - E|Z;|). Second, from (43), (45) we obtain for the e-derivatives
i . A,

(49) Fi(e) = f'(€) = (L)e ~E{L)sc +

2\/2
From (48) and (49) it is then easy to show that Lemma 5 implies

(L) =E(L)c| <67t >0 (IFu(u) = fulw)] +AulVu)

ue{e-d,e,e+d}

|An]
2\/2
where C; (¢) := f/(¢ = 8) = f'(¢) 2 0 and C} () := f'(¢) - f'(¢ + ) > 0. Note that § will be chosen
later on str1ct1y smaller than ¢ so that e —§ > £ — 0 remains positive. Remark that by independence of

the noise variables E[A2] = (1 - 2/7T)/n < 1/n. We square the identity (50) and take its expectation.
Then using (X7, v;)?2 <p¥P , v?, and that € < &, as well as the free energy concentration

(50) +C5(e) + G5 (

(51) éE[((ﬁ)E CE(£).)*] < W(C FE+0) + i)+ (o) + ﬁ
Recall |C£(e)| = |f'(e £ 6) - f'(¢)|. We have
(52) ()| < %(;H %).

Therefore, as € > ¢,

1
Cs(e)|<p+ <p+ )
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We reach
[5 de {C’g(s)2 + C’g(e)z}

S<p+ \/61__5)[jd5{0§(8)+6’g(5)}

=(p+J%)[(f(ya)—f<§—6>)+(f<e—6>—f<s+6>)].

The mean value theorem and (52) imply |f(e - 8) - f(e +0)| < d(p + \/ﬁ) Therefore

f:de{og(Re)Q L G (R} <20(p+ ——=) .

. Na

Set § =9, < s, <e. Thus, integrating (51) over ¢ € [, &] yields

fa CdeE[((L). - B(L).)?]

1 )2 . 91In(/e)

27 _
Sn_@%(g_g)(c+€+5n)+185n(p+ §—5n 4an

< C(e-¢) . Co, . C’ln(é/g)’
no?2 Sn n

where the constant C' is generic, and may change from place to place. Finally we optimize the
bound choosing d2 = s, (€ -¢)/n. O

2.5. Rigorous approach: the (adaptive) interpolation method. Before entering the proof
let us give the generic roadmap of the adaptive interpolation method, and emphasize the main
differences with the canonical Guerra-Toninelli interpolation method [9-11].

The aim of the method is to prove a variational formula for the thermodynamic limit of the free
energy of some complex statistical model of interacting variables/spins. This variational formula
corresponds to the extremization of a proper potential.

i) The first step consists in defining an “interpolating model” parametrized by “time” ¢ € [0, 1].
Its associated t-dependent mutual information i(¢) must interpolate between the one of the model
of interest at, say, t = 0, and the one of a properly chosen “decoupled mean-field model” at ¢ =1
where the variables do not interact anymore and with a tractable mutual information (tractable
because the system is decoupled) which constructs part of the potential. The basic idea is therefore
similar to the canonical interpolation method except that usually the interpolation path depends
“trivially” on ¢ while in the adaptive interpolation method the interpolation path is generic, and is
parametrized by an interpolation function that allows for much more flexibility.

i) In the second step we want to “compare” the two boundary values using i(0) = (1) - fol dti'(t),
where i(0) » 11(X*;Y') is what we want to compute while 7(1) is a piece of the potential. We
therefore need to compute the t-derivative #/(¢). When 4/(¢) is then plugged in the previous relation
this gives the so-called sum rule, which links the mutual information of interest and the potential
(or part of it).

i11) The third step consists in simplifying the obtained sum rule thanks to the concentration of the
identified order parameter of the problem (the overlap with the planted solution/signal in Bayesian
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inference problems). Self-averaging of the order parameter, refered to as replica symmetry [12], has
to be proven for all ¢ € [0,1]. It requires a proper “perturbation” of the model with a strenght
controlled by a perturbation parameter €. Perturbing the system allows to “avoid” possible isolated
phase transitions points where concentration does not occur. This step is model-dependent as such
results can be proven only under specific settings. For ferromagnetic models (such as the Curie-Weiss
model) at any temperature, Bayesian inference (in the so-called “Bayesian optimal setting”), or
generic disordered spin models at high temperature this is doable. In the first case thanks to
the ferromagnetic nature of the model (see [13] for a proof that ferromagnetism implies replica
symmetry in full generality), in the second case thanks to the Nishimori identity implying plethora
of sub-identites for the correlation functions of the model, and in the last case by concentration
techniques [14,15]. But away from these settings, e.g., in combinatorial optimization, in generic
disordered spin models at low temperature, or in non-optimal Bayesian inference, this is usually
not possible as replica symmetry breaking may occur [12,14,15] and prevents the order parameter
to concentrate!®.

iv) In a fourth step, once the sum rule has been simplified thanks to the order parameter
concentration, the flexibility allowed by the choice of the interpolation functions (i.e., the choice
of the interpolation path) is exploited in order to obtain two matching bounds for the mutual
information. One bound is simply obtained by choosing a “trivial” interpolation path. The other one
requires a smarter choice: it appears that, given the decoupled model towards which we interpolate,
there is a unique choice of the interpolation functions allowing to obtain the converse bound.
This choice corresponds to the solution of a first order differential equation over the interpolation
functions (in which the perturbation parameter e will play the role of the initial condition). The
interpolation functions have therefore been adapted in order to finish the proof, thus the name of
the method.

2.5.1. The interpolating model. Let € € [s,,2s,], for some sequence (s, ) € (0,1/2)N that tends to
0, as s, = (1/2)n@ for a > 0. Let g, : [0,1] x [s,25,] = [0, p] and set the interpolating function
(53) Ry(t,e)=c+\ [y dt g, (t,¢).

Consider the following interpolating (n,t, R, (t,¢))-dependent estimation model, where ¢ € [0,1] is
the interpolation parameter, with accessible data y = y(t) and g = g(¢,¢) obtained through

yij =\ (L=t)qaias + 2, 1<i<j<n,
y =+/R.,(te)x*+2,

where all the 2’s are all i.i.d. outcomes of a N'(0,1) random variable, with z;; = z;;. The posterior
associated with this model reads

-~ P xr G_H(m§t,Rn(t75):y7g)
(54) P(CU |t7Rn(t7€)7y7y) = ( )

Z,.(t,Ru(t,€),y,9)

19At the moment the adaptive interpolation method is specifically designed for replica symmetric models but it
is an interesting direction to see wether it can tackle more complicated models where replica symmetry breaking
occurs.
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with factorized prior P(x) = [;-; P(«x;), and normalization (or partition function) and interpolating
Hamiltonian given by

Zn(t>Rn(t7€)>y>g) ::fdp(.’D)efﬂ(m;t’R"(t’E)’y@)

Ho(x;t, R, (t,€),y,7) = Z ((1 t)_ﬁ 7 /(1 —t)%%xjyij)
+ 2 (Rn(t>5)%? -V R,(t, 6)5131@)

We also define the mutual information for the interpolating model:
in(t,€) = (X* Y (1), Y (t,¢)).

The (n,t, R,(t,e))-dependent Gibbs-bracket (that we simply denote (—); for the sake of readibility)
is defined as usual for functions A(x) = A:

(A= (i) = [ dP@ 1 Falt,e) Y, ¥) Ale).
By design of the interpolating model we have:

Lemma 6 (Boundary values). The mutual information for the interpolating model verifies

in(0,€) = LI(X* Y (0)) + LI(X* Y (0,) | Y (0))
= LI(X*Y) +O0(s),

in(Le) =I(X* Y (1,e)+ 1I(X=Y (1) | Y (Le))
= I(X 5N [ dEgu(t,€)}2X* + Z) + O(s,,).

where T(X*; {\ fol dt q,(t,€)}2X* + Z) is the mutual information for a scalar Gaussian channel
(here X* ~ P, Z ~N(0,1)):

Y= \/)\fol dt q,(t,e) z* + 2.

Proof. The first equality follows from the chain rule for mutual information. The second one relies
on I(X*;Y (0)) = I(X*;Y) which is obvious, as well as

(55) LI(XY(0,0) | Y (0)) = O(s0).

This claim simply follows from the I-MMSE relation and R, (0,¢) = ¢:

d1 1
(56) d——[(X* Y(O e)| Y (0)) = —MMSE(X* | Y(O £),Y(0)) <
This last inequality is true because MMSE(X* | Y (0,¢), Y(O)) <E|X*|? =np, as the components
of X* as iid. from P. Therefore 11(X*;Y (0,¢) | Y (0)) is £-Lipschitz in ¢ € [s,, 2s,,]. Moreover

I(X*;Y(0,0) | Y(0)) = 0. This implies the claim (55).

RS



MEAN-FIELD THEORY OF HIGH-DIMENSIONAL BAYESIAN INFERENCE 45

The third equality follows again from the chain rule for mutual information. The last equality
uses [(X*;Y(1)|Y(1,)) =0 as Y (1) does not depend on X . Moreover, by decoupling,

%I(X*;l?(l,a)) - (X Ry (1,6)X* + 2)

=I(X~; {)\fol dt q,(t,e) 12 X* + Z) + O(s,).

The last step follows from I(X*;\/7X* + Z) being a £-Lipschitz function of +, again shown by the
I-MMSE relation as for (56). O

2.5.2. Fundamental sum rule. The core identity of our proof is:

Proposition 5 (Sum rule). The mutual information verifies the following sum rule:
1 A

(57) ~I(X;Y) =i ([, dtgu(t,e); M, p) + Z(R1 ~Ry—-R3) +O(sy)
n

with non-negative (n, R,,e)-dependent “remainders”

Ry = ]01 dt (qn(t,a‘) —fol d;‘ qn(s,s))Z,
Ry = [y dtE((Q-E(Q))),
Ry = [ dt (B(Q): - gu(t,2))".

Proof. We compare the boundaries using the fundamental theorem of calculus

1
(06 =in(1,6) - [ dt%in(t,g).

The t-derivative of the interpolating mutual information is simply computed combining the -MMSE
relation with the chain rule for derivatives:

d
%Zn(tag)
21 o Agn(t,e) 1 .
=55 LE[(X7X; —(Xij)t)2]+#ﬁ]E|X —{X)el3
1>]
Al

=T SEIX e X (X e X) i+ W(p -E(Q):) + O(1/n).

The O(1/n) term comes form completing the diagonal in the sum ., in order to construct the
matrix-MMSE. The second step used the following identity that we have shown previously in (6)

based on the Nishimori identity:
1 1
CE|XC - (XL3Ep-E(Q) whee  Q=-X*-X.
By similar manipulations we obtain for the matrix-MMSE

1
SEIXT o X7 (X @ X =0 -E(Q):

Combining everything with the boundary values, and once replaced into the fundamental theorem
of calculus we deduce

L1(XY) = L0 O S dt gt ) 112X + 2)
n

2 [t B0~ 2001, 9) (0~ BIQ))} + O(s),
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where the constants in O(s,,) are uniform in e,¢,n. Let us re-arrange so that the replica symmetric
potential appearS'

_[(X* Y)-= (RS)(fol dt q,(t,¢); )\,p) - %{[01 dt . (t,e) - p}2

*7 dt{p— (@) = 2a,(t.2) (P~ E(Q)) } + O(s)

which, after a line of basic algebra, ﬁnally simplifies to the claimed sum rule. O

2.5.3. Upper bound: “trivial” interpolation path. The replica symmetric formula for the mutual
information follows directly from the two bounds proven below.

Proposition 6 (Upper bound). We have
lim sup — I(X* Y)< 1nf @n )(q,)\ p).

n—+00o

Proof. Fix for all ¢t € [0,1]:

qn(t,€) = argmin Z%RS)(C]; A p).
q¢[0,p]
The interpolation is therefore a simple linear (in time) path. The “interpolation path variance” R4
cancels. The two other remainders R, and R3 being non-negative we reach the result. 0

2.5.4. Lower bound: the adaptive interpolation path. We start with a definition: we say that the
map € — R, (t,¢) is reqular if it is a C! diffeomorphism whose Jacobian is greater or equal to one
for all t € [0,1].

Proposition 7 (Lower bound). We have

(58) liminf — I(X* Y) > inf i (g, p).
n-+oo q¢[0,p]
Proof. In order to control Ry we need to prove the overlap concentration for the interpolating
model. Looking at section 2.4 we see that in the interpolating model R, (¢,¢) plays the role of €. So
integrating the overlap fluctuation for the interpolating model Ry over R, (t,¢) €[Sy, 25, ] would
allow to show that it is small. But we need R, (¢,¢) to be free in order to choose it smartly later on
in the proof. The perturbation parameter over which we integrate really needs to be e. First note
that (42) generalizes directly because it only depends on the validity of Nishimori’s identity.
Now let R := R,(t,5,), R = R,(t,2s,). From the definition (53) of R,(t,e) we have [R, R] ¢
[Sn, 28, + Ap]. Using that the map € —» R, (¢,¢) is regular, Proposition 4 combined with Fubini’s
theorem for interverting the ¢ and R, (t,¢) integrals implies

‘o

1/3
sn+)\p) +%ln23n+)\p+%

ns2 n Sp n

28n
[ AR, (¢, g)Rz_[ de d%—gg)n?z de Ry,

Choosing a proper rate of convergence to 0, of s, the dominating term on the left-hand side is the
first one. We then have that for some constant C' >0

L er —if2s"d fldtIE((Q—E(Q) 2 <
Sp Jsn c 2" s, Jsn “Jo V1> (nss )i
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This bound is uniform in €. Using this ()-concentration result under the regularity assumption for
the map ¢ — R, (t,¢) as well as the fact that R; is non-negative, the sum rule (57), when averaged
over the perturbation, simplifies to

28n
—I(X Y)> i/ de i(RS)(fol dt gn(t,2); N, p)

AL [ (@ 9 0()

We used that I(X;Y") is independent of . At this stage it is natural to choose ¢,(¢,£) to be the
solution of

(59) @n(t,€) = B(Q)nt,Rot,e)-

Setting G (t, Rn(t,€)) = E{Q)n.t,r, (1), We recognize a first order ordinary differential equation

d
ERn(t,e) =G,(t, R,(t,e)) with initial condition R, (0,e) =«.

So the perturbatio parameter ¢ actually plays the role of initial condition of the ODE naturally
appearing. As G, (t, R,(t,¢)) is C' with bounded derivative w.r.t. its second argument the Cauchy-
Lipschitz theorem implies that (60) admits a unique global solution

t
Ri(te) =e+ [ dsqi(s.e),
0

where ¢ : [0,1] x [Sy,2s,] = [0, p] because E(Q),.+- € [0, p] (as seen from (6)). Under the choice
R let us check the regularity assumption that we assumed until now. By Liouville’s formula the
flow e » R (t,¢) satisfies

(60)

iR*(t € —exp/ ds — G (s, R)|

de R= R;‘l(s,s).
Using repeatedly the Nishimori 1dent1ty one obtains
d
EGn(Sa R) = z ]E[ iIZ' xj n,s,R — <xi>n,s,R(xj>n,s,R)2:| >0

7,]1

so that the flow has a Jacobian > 1 and is a diffeomophism. Thus € » R} (t,¢) is regular. This
computation does not present any difficulty and can be found in section 6 of [16]. With the choice
R, i.e., by adapting the interpolation path, we have then cancelled the remainder R3. This yields

L. Lo ®S)[1 o, R
EI(X7Y) 2 g ‘/;n de ip (fo dtgn(tvg)’ /\7p) + O((nsg)l/ZS)

1
> inf 'ﬁRS) ‘A p)+ Ol ———=).
Ay i @A) (<nsz>1/3)

Taking the liminf,,, and choosing s, = ©(n™) with « € (0,1/5) yields the desired result. O

2.6. A detour in physics: the cavity method for the Curie-Weiss model. The Curie-
Weiss model. The Curie-Weiss model is defined by the following Hamiltonian for binary spins
o € {-1,1}" living on a complete graph:

(61) =—— Zazaj hZal

g
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The Gibbs-Boltzmann measure that describes it random behavior is, as usual,
e—an(U)
e Hn(o)

P(o) =

Yoe{-1,1}n

The temperature has been absorbed in J and h. Its free energy density is defined as (considering
the temperature to be equal to one)

1
[ S )
n N g1

We will (partially) prove that its free energy density is given by the following variational formulas
I; - inf (RS)
Ji fo = nf (m),

2
(62) with potential f®5)(m) := JTm —In (2cosh[Jm + h]).

The cavity method: Aizenman-Sims-Starr bound. The cavity method allows to prove a
bound for the variational expression (62). It works along the following lines. The free energy can
be constructed by adding one spin after the other, and therefore is equal to the following telescopic
sum:

1 n—1
(63) fn:ﬁZ(FkJrl_Fk) = hgglffnZIigglf(FnH_Fn)'
k=0
We therefore aim at computing F, .1 — F},, i.e., the free energy cost of adding one spin to the system.
Lets then add one spin ¢ := 0,41 to the system and “isolate” its contribution in the Hamiltonian
(61):

Hp1(0,6) := Hy (o) = 6 (Jum, + h),

where the magnetization and rescaled interaction strenght are

1 ~ n
My, = E;Ui? Jn =J

Moreover H, (o) is the Hamiltonian of the n spins system with rescaled interaction:

7:[,1(0') = —% Zaiaj - hgai.

i<j
The free energy of the n-spins model with rescaled interaction is

F,:=-In Z ¢ Hn(@),
oe{-1,1}7

Let the Gibbs-bracket associated with a generic Hamiltonian H be

Yoef-11yn A(e)e )
@‘H(U)

(A =
" Yoe{-1,1}n
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We can then write the free energy variation as
]:%+1 _'}:% = (}am+1 _']ih) - (]:h - ji@)

- _1n< D eﬂn(a)—mﬂw,&)) ) +1n<eﬁn<a>_yn<a>>
Hn

o==%1

:_m( D 6&(jnmn+h)) )

o==%1 Hn

Hn

Jn sn
+In <e?3 Zici ‘Wﬂ')

Hn

Now we use the concentration of the magnetization under the measure (~);; (this step is simple
here because there is no quenched disorder; in disordered models additional steps are needed). This
allows to replace (away from possible phase transition points, i.e., for almost all (J, h))

My & My = (M) € [-1,1].

This yields, using =5 Y5 ; 0,05 = sm2 + O(1/n) = 312 + 0, (1),

o J.m2
Fn+1 - Fn = _ln Z 60<Jnmu+h) + —;nn + On(]-)

o=+1
=92
(64) = “In (2cosh[Jinn + 1)) + 270 4 (1)
as jn — J. Therefore we reach the desired bound
(65) liminf f, > liminf (F,,, - F,) > i[nf . FES (m).

Note that we dit not assume existence of the thermodynamic limit lim,, ., f,,. In general settings
this can be hard to prove. It took decades to find how to do for the mean-field spin glass (the
Sherrington-Kirckpatrick model), and the proof gave rise to the interpolation method. When applying
the cavity method, physicists usually assume the existence of the thermodynamic limit, and that it
is given by the limit of free energy difference: f =lim,,_ o0 (Fri1 — Fp).

Note that we could have instead started from the identity limsup,, ., fn <limsup,,_, . (F.i1—Fy)
instead of (63). But we would have been stuck at the end of the proof, because this inequality
does not go in the same direction as the one used when going from (64) to (65), where the latter
inequality’s direction is constrained by the fact that we want to show a variational formula witn an
infimum, not a supremum. So the form of the variational formula fixes the initial bound to start
from. So generally this method allows to rigorously prove a single-sided bound.

3. ALGORITHMIC LIMITS

Until now we have focused on static, ensemble (i.e., typical), properties. Mainly locating the
information theoretic limits/phase transitions and the value of the optimal error we can aim for:
we established the absolute fundamental limits of inference, independently of any algorithm. It is
then natural to ask ourselves: for a given instance of the problem, can we approach these limits
with efficient algorithms? The answer depends on where we are in the phase diagram (i.e., the
parameters values such as the SNR). Let us study one particular algorithm that is special for
a number of reasons that we will see: the approximate message-passing algorithm (AMP). This
algorithm is closely connected to the so-called Thouless-Anderson-Palmer equations (TAP) from
statistical physics, which is a key tool in the study of spin glasses.
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Px(xz)

F1GURE 10. Visualization of the messages flowing on a piece of the factor graph
for the spiked Wigner model with Rademacher variables. Factors are represented by
squares, variable nodes by disks. The hanging factors of conectivity one represent
the prior ¢;(z;) = Px(x;) o< 041 + 04, 1. From left to right: the variable node
i receives factor-to-node messages (red) from its connected factors ezcept the j-
th one, i.e., from n — 2 of them. It combines them and spit out a node-to-factor
message m; (ij)(xi) (in blue) to factor (ij) representing the compatibility function

Vi) (@i, 255 i5) o< P(yij | wixj) o< exp{yijn/A/na;x;}. The factor (ij) then computes
the factor-to-node message m(”)_)j(x]) (red) according to the BP rule and send the
result to its next neighbor j. And so forth.

3.1. Message-passing. Let us derive the AMP algorithm for the special case of the planted SK
model, i.e., the components of the signal X* are drawn i.i.d. from the Rademacher distribution
(i.e., uniformly in {-1,1}). The model under study is therefore given by the Hamiltonian (28). This
will lead to great simplifications but, yet, the derivation presented here contains all key ingredients
to then derive AMP algorithm in more generic settings, including other problems than probabilistic
PCA. We defer to the appendices the derivation of AMP for the spiked Wigner model with generic
prior.

Single instance cavity equations: belief propagation. The AMP algorithm is actually a
simplified version of a more primitive algorithm called belief propagation (BP), or the sum-product
algorithm. This algorithm has tons of applications in combinatorial optimization, error-correcting
codes, machine learning etc. It is based on recursive equations over “messages” (also called “beliefs”)
flowing on the edges of the factor graph associated to the model of interest. A factor graph graphically
represents a factorized probability distribution of the form

P(w:6) = 575 [T val@i)

Here 1, (x,;0,) is a factor/compatibility function (a generic positively valued function) depending
on a subset @, = (L4, Za,,-..) of the variables &, and possible parameter(s) 6,. If we use indices
1, for variable nodes and a, b for factor nodes the BP recursions for the messages are:

Belief propagation' fori=1,...,nanda=1,...,m:
() = f Volai00) TT ().
Za—>z J€0a\i

R .

i—»a bed;\a
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The notation j € d,\i means all variable nodes belonging to the neighbor of (i.e., that share an edge
with) the factor node a, except the i-th one. Similarly b € 9;\a is the set of factor nodes connected to
variable node ¢ except the a-th one. The “factor-to-node message” m! _.(z;) represents the current
belief (marginal probability) of variable node ¢ taking value x; at iteration ¢ in a modified factor
graph, called cavity graph, where the node i is connected to factor a only (i.e., |0;| = 1 edges of the
original factor graph have been removed, the others remain unchanged). Instead, the “node-to-factor
message” m!_ (x;) is the belief of node i taking value z; in a cavity graph where node ¢ is connected
to all its neighbors in the original graph except factor a (a single edge has been removed). The Z’s
are the normalization constants. In writing the update rules, we are assuming that the update is
done in parallel at all the variable nodes, then in parallel at all function nodes and so on. Clearly,
in this case, the iteration number must be incremented either at variable nodes or at factor nodes,
but not necessarily at both. After convergence the true marginals are approximated by mg*(x;)
where the BP marginal m!(z;) combines all factor-to-nodes messages (we use the symbol o to
mean “up to a normalization constant”):
mi(w;) o< [T g ().
a€d;

These can then be used for inference by computing, e.g., their mean (for MMSE estimation) or
their argmax (for MAP estimation). Fot ¢ larger than the maximum distance dp,,x between any
two nodes in the graph, the BP marginals are ezact if the factor graph is a tree (has no loops).
This is quite easy to see; to convince yourself you can write the BP equations for a small tree and
update the BP equations for a number of steps ¢ > dpax. Runned on a graph with loops BP (then
called loopy-BP) yields an approximation to the marginals (if it converges), and often comes with
few or no guarantees. But we will see soon that sometimes the situation is more favorable.

For the particular case of the planted SK model the posterior is factorized as

1 2~ A
P(z|y)=5—= g1 + 0z -1 exp yz\/szf .
23(11) !:¥ ( ) !:} { J n J}
Because the factors ¢y (s, ;3 vi5) = exp{yi\/A/nx;x;} have connectivity 2 we can index them by
(ij) = (yi). The BP equations are then:

Belief propagation for the planted SK model: for 7,5 =1,... n:

) A
mzij)ﬁi(ﬁi)°</d$jm;—>(ij)(xj)eXp{yij\/;:Eixj}’

méil(z’j)(xi) o< (5931-,1 + 5%71) H mikz)—n('rl)
k(#1,5)
Unfortunately BP is in this case totally inpractical, because there are ©(n?) messages flowing on
the edges of the densely connected factor graph, and the variables z; may in general be real. So
computationally and memory-wise BP is not an efficient algorithm for inference on dense graphs,
and must be used for sparse graphs instead. As we will see there is a way to overcome these difficulties.

From locally tree-like to dense graphs: approximate message-passing. We said that
BP is exact on trees. It can also be used for sparse factor graphs (i.e., for graphs where the average
connectivity of the variable and factor node does not scale with the number of variables n when it
increases). In sparse graphs loops are typically of size ©(Inn). Therefore the shortest path between
variables in cavity graphs —where direct connecting edges are removed— are typically scaling as
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O(Inn), so locally (i.e., at any finite distance around a root node when n — +o00) the graph is a
tree with high probability. This may imply low correlations between well separated variables and
is the reason why BP may still work, at least until some threshold. But what about dense factor
graphs? E.g., in the one of the spiked Wigner model variables nodes have connectivity n — 1. This
is very far from tree-like graphs... Nevertheless message-passing techniques, in the form of AMP,
still work. The reason is that, like in tree-like graphs, correlations between any two nodes in the
graph are typically small. Even if they are connected by an edge, they are connected to so many
other ones that the influence of one node onto its neighbor is vanishingly small compared to the
global influence of all the other ones. This is the reason why sparse and dense graphs actually both
fall in the class of mean-field models.

Many of the equalities below are valid at leading order. The derivation of the AMP algorithm
then starts from the leap of faith that BP should work on densely connected graphs. The validity
of this assumption will then be rigorously justified through the state evolution analysis. Let us
define the cavity means as the expectation of the messages (we do not write anymore the prior
explicitly but instead simply replace integrals by sums over the binary values of the variables):

t . t
bi—»(ij) = FZH xmie(ij)(x)'

We expand the factor-to-node message in 1/\/n:

5 A
méij)»i(xi) o Z mzs(ij)(xj){l + ’yij\/;l‘ixj + 0(1/n)}

a?j::kl

A
=1+ xiyij\/;bgg(ij) +o(1/n)

. i )
voxpleiBi;).,p  where B = \/;yijbfw(ij)

where the o(1/n) is a O(n=3/2). At the first step the next z;-dependent terms were o(1/n) so they
could be dropped safely. éfij)ﬁ
cavity graph where it is only connected to (ij). We plug this in the second BP equation for the
node-to-factor message:

. 1s called cavity field, and is an effective field felt by the node 7 in a

~

m;?:l(ij)(xi) o< exp{xiBf_)(ij)} where BL(Z‘]‘) = Z Bfki)_)i.

k(#i,5)
B! (i) is a cavity field felt by the variable in the cavity graph where it is connected to all but the
t+1

(i7) factor. Computing the mean bt*!. = of m!

i) iij) (%) we obtain closed equations on the cavity
means:

Relaxed belief propagation: for 7,5 =1,...,n:

A
(66) by = 1(Biaqpy) = tanh BL ), By =\[ = 2. mbieay-
k(#i,5)
The initial value for the the cavity means are random numbers of the order € << 1. This allows to
lower initial bias while breaking the possible all zeros fixed point. The function 7 is called denoiser
in the AMP terminology. The resulting algorithm is called relaxed BP, as the message passing is
over simple parameters instead of distributions.
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In relaxed BP cavity means are flowing on the factor graph edges, so there are ©(n?) which
is computationally and memory costly. The next step is to re-express the equations in terms of
marginal means

= > azml(x).

r=+1

The AMP marginal means approximate the true means/magnetizations of the variables. We obtain
similarly as before

A
(67) bt =n(Bj),  Bi=\/- (Z)ymbzﬁ(ik)-
k(#1

We expand the cavity mean

A
Doy = 11 \/> > Yy, \/jyikbﬁfi
ety = 1 G Ve T\ )

= 1B~ Sy (B + 01 )
(68) _ - \fyzkbw(m)u (1)) + O(1/n)
= b}; - \/gyikbﬁl(l - (b‘,;)Q) +0(1/n).

We used /(B ) =1-n(Bi )2 =1-(b)2, as well as (68) yielding
(69) by =bi '+ O(1/V/n)

that we used in the last step. Plugging this back in (67) we close the equations on the marginal
means and get at leading order:

Approximate message-passing: for i =1,...,n:

A t 1
(70) bt =n(Cy), Z Yriby > yn(1=(0,)%).
N k(i) N k&)

Again the initialization is random times a small constant € << 1. At each step the rank-one spike is
estimated as

bt+1 bt+1 (bt+1bt+1)

The AMP algorithm, that is equivalent to BP at leading order, iterates only n quantities instead of
©(n?) which is computationally and memory-wise much more efficient. When the signal components
are drawn from a generic prior Py rather than Rademacher the messages cannot be parametrized
anymore by their mean only. The messages variances has to be tracked as well. We derive this more
general AMP as well as its asymptotic analysis in the appendix.

The fixed point equations associated with AMP in the case of y;; being outcomes of a standard
Gaussian are the so-called Thouless-Anderson-Palmer self-consistency equations for the magnetiza-
tions of the SK model (without external field; just add the external field value h to the argument



54 J. BARBIER

of the tanh below if it is present):

Thouless-Anderson-Palmer equations: for i =1,...,n:
1 b;
b; = tanh | — Ypiby — — Z vz (1-0b2)).
(\/ﬁ k(%) N %) )

Note that the time indices combinaison is non-trivial in AMP. Any other combinaison will lead to
convergence issues. One cannot simply start from the TAP equations and index by ¢ + 1 on the left
of the equality and ¢t on the right. The term

bt
D I ACEICAD

k(#1)

in AMP (or the similar one without time indices in the TAP equations) is called Onsager reaction
term. This term with the proper time indices is absolutely crucial for the convergence of AMP and
makes all the diffeence between AMP (or TAP) and the “naive mean-field” algorithm/equations:

Naive mean-field: for i =1,...,n:

A A
bitt = 77( - k(%:i)ykibi;)? b; = 77( - ké)ymbk)-

3.2. State evolution, and optimality of AMP. We will now heuristically show that due to
the presence of the Onsager reaction term, the fields (Cf) in AMP asymptotically behave as
independent Gaussian random variables. This will permit us to compute their distribution and as a
consequence to track AMP’s performance using the state evolution analysis. In order to understand
the mechanism behind state evolution, it is easier to first gain some intuition on what happens on
locally tree-like graphs for which BP has originally been formulated.

Asymptotic analysis of belief propagation: density evolution. We consider that the
graph is an instance of an ensemble of large locally tree-like graphs with loops of typical size at least
©(Inn) with high probability as n — +oo (this is the case, e.g., for sparse regular or Erdoes-Renyi
random graphs). We analyze the plain belief propagation algorithm. Density evolution is then a
statistical analysis of the messages distributions. It assumes:

e The number of iterations ¢ is fixed while the number of variables n — +o00. Therefore, as
a consequence of the locally tree-like structure the t-radius neighborhood of a root node
drawn at random is a tree with probability 1.

e The BP messages are initialized independently.

Under these assumptions you can convince yourself that two messages selected randomly in the
graph that are iterated through the BP algorithm are independent with probability one. Indeed, a
message (of any of the two types) associated with a root node can only depend after ¢ iterations on
the messages associated with nodes that are at a distance lower than ¢ + 1 along the directed tree
starting at this root. Because ¢/n — 0 the claim follows. This implies the following distributional
equations, coined density evolution (as they track the density of messages in the limit n — +oo and
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t < T finite):

Density evolution: for t =1,...,T"

{mt g ‘ilf—m((m;);iflilﬂb)’

mit S W () )

Here the (m}) are i.i.d. copies of the random message/distribution m’, and () i.i.d. copies of

mt. The functional ¥ #-n Tepresents the first BP update rule for factor-to-nodes messages, ¥,
the BP update rule for the node-to-factor messages. ¢ is a random factor/compatibility function
distributed as the ones in the problem under study. E.g., in the planted SK model a random factor
takes the form exp{(A\/n)X; X;z122 + Z\/A[nz1z2} with X7, X drawn independently from Py
and Z a standard Gaussian, x; and x5 the arguments of the random messages m} and m} entering
in U f-n- The random variables ay and «, have distributions corresponding respectively to the
ones of the factor nodes connectivity, and variable nodes connectivity. These take care of the graph
randomness. For the spiked Wigner model they are deterministically equal to oy =2 and oy, = n —2;
in sparse random graphs they are generally random variables with, e.g., a Poisson distribution in
the case of sparse Erdoes-Renyi graphs.

The density evolution distributional equations can be solved by population dynamics, where
large populations of messages are kept in memory and randomly updated through the density
evolution rule. The empirical expectation of the messages over the population approximates the
true message densities. If a given graph instance drawn from the ensemble under study is very
large (and therefore typical with high propability) compared to the number of BP updates, density
evolution should accurately predict the empirical distribution of BP messages for this particular
instance by the law of large numbers. See [1,3,17] for knowing more.

Asymptotic analysis of approximate message-passing: state evolution. We will
actually analyze the relaxed BP algorithm (66) which is equivalent to AMP at leading order, in
the sense that its approximation (67) for the marginal means are asymptotically the same as the
AMP estimates.

For the state evolution asymptotic analysis of relaxed BP/AMP over dense graphs, we assume
similarly as in the density evolution analysis that ¢/n — 0 in the thermodynamic limit n — +oc0
and that the cavity means are initialized independently. But why would this imply independence
of the cavity means, as in a dense graph any two nodes are essentially at distance 17 In order
to heuristically estimate the dependence between two given cavity means bf_)(ij) and b’,;_)(ke) we
approximately count the number of directed paths of lenght at most ¢ that are starting from
node ¢ and passing at least once through node k. It is only through such paths that information
may flow, and therefore create correlations, between the two cavity means. We assume that the
denoiser n is Lipschitz with finite Lipschitz constant and that all paths have statistically the same
weight /influence; the weights are related to the observations which are statistically equivalent.
Let us use a probabilistic argument rather than combinatorial. The probability that a uniformly
sampled path of lenght ¢ with initial node ¢ avoid node k is (2=2)* » exp{~t/(n— 1)} when n > 1.
So the probability that it crosses node k at least once is approximately 1 —exp{-t/(n —1)} which
tends to t/n if n > t. So if we were excluding all these computation paths in the iterations of the
relaxed BP iterations in order to make the two cavity means strictly independent, because n is

Lipschitz this would have an impact of O(¢/n) on the value of bz_)( rey- Therefore different cavity
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means are asymptotically independent as n - +oo and ¢ fixed. By the same argument a cavity
mean b;?_)(ij) at any fixed time ¢ is asymptotically independent of the observation y, (and therefore

of zye) for all (kf) # (ij). This is because information about y, can only reach b} (ij) through this
vanishing fraction of correlating paths. Recall also that the cavity mean bfq(zj) is a marginal mean
in a cavity graph where factor (4j) is not present, so b} (i) is also supposed independent of y;; (and

therefore of z;;). It might seem paradoxal that the cavity means are overall independent of all data,
but all this reasonning is only true at leading order. Dependencies appear only at lower order which
simplifies a lot the analyis. Note that if ¢ is comparable to n or larger all the argument collapses
and cavity means become strongly dependent, thus the assumption of the state evolution analysis.

Let us now use the cavity means independence assumption to derive the state evolution recur-
sion. The observations (y;,) are independent conditionally on the signal x* because the noise is

independent for each observations. At fixed x* the BP cavity field BL(Z.J.) is therefore a sum of
(asymptotically) independent terms. By the central limit theorem it tends to a Gaussian random
variable. We compute its conditional mean (all that at leading order):

A
EYlm*BL(ij)zEYlm* - Z Ykib};(ik)
k(#i,5)

A * * >\
= > Ez[ﬁﬁixkbze(ikﬁ\/;Zikbze(ik)]

k(#i,5)
1
= X = S aibl + O(1/v/n)
n %

= i Q(z*, b)) + O(1/\/n).
Recall that at leading order cavity means are independent between themselves and of the data. We
used for the third step (69) that reads b} (k) = bt +O(1/\/n). The independence assumption of the
cavity means implies that the cavity fields

t _ o1/ t+1
Bz’—»(z’j) =7 (bi:(ij))

are also pairwise independent (one can also explicitely compute the covariance Covz (B! (i)’ B k 2))
and see it vanishes). We therefore need only to compute their variances, which is simply the sum of

variances of each individual terms in the sum defining BL(U) by independence:

A A
17]

A
. Z (bll;a(ik)y

™ k(i)
)\ n

== (bp)*+0(1/n)
k=1

= AQ(b, b)) + O(1/n).

We conclude that at leading order the cavity fields, and therefore the fields (Bf) in (67) and (C})
in AMP (70), are independent Gaussian variables:

Bl % Bl Cl~ N(AQ(2",b)7, \Q(b, ")),

i~ (i5)
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FIGURE 11. Figure from [18]. The solid curves are the state evolution prediction of
the asymptotic spike-MSE of AMP limy_, e lim,, e MSEYp for different SNR values
A. The crosses mark median MSE incurred by AMP in 100 Monte Carlo runs with
n = 2000 for the spiked Wigner model with X; ~ Ber(¢). In this case there is no hard
phase and AMP is always Bayes optimal.
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Ficure 12. Figure from [8]. Comparison between the state evolution and the fixed
point of the Low-RAMP algorithm, for the spiked Gauss-Bernoulli model of sparse
PCA with rank one and sparsity p = 0.1. The phase transitions stemming from state
evolution are 1/A,g0 = 0.01, 1/A;p = 0.0153, and 1/Agyn = 0.0161. The points are the
fixed points of the AMP algorithm run on one typical instance of the problem of
size n = 20000. Blue pluses are the MSE reached from an uninformative initialization
q° = e < 1. Green crosses are the MSE reached from the informative initialization

¢’ = p.

so the AMP marginal means are asymptotically independent and distributed as

bt~ n(AQ(z*, bz +/AQ(b, b) Z;)
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with (Z;) are i.i.d. standard Gaussian random variables. This implies

me o Qa b = Zn(AQw bzt +/AQ (b, bY) 7 )t
na

i=

li(bgﬂ)? Qb b = Zn:n()\Q (@*,b))a; +/AQ(B, b1 Z,)".

1=

3

By the independence assumptions and the law of large numbers the “magnetization” Q(x*,b)
must concentrate onto its asymptotic expected value ¢t and the overlap Q(b?, b?) onto ¢* as n - +oo
and with high probability. The limit overlap sequences are therefore solutions of the state evolution
recursions. Let X* ~ Px, Z ~N(0,1).

State evolution: let ¢ = ¢° = « 1. For t € Nyg:

et = E[n(A\t X" +VA¢TZ)X*],
¢! =E[n(A. X" +VAq'Z)?].

The initialization ¢? = ¢° = ¢ is called non-informative. It corresponds to no a priori information

about the signal. Having € > 0 allows to break a possible trivial fixed-point ¢ = 0 that may appear

due to the + global symmetry in the problem (the data y is invariant by a global sign change of x*).

This trivial fixed point may prevent state evolution to start. Running AMP on any real problem,

this fixed point is always spontaneously broken by random fluctuations?.

By the law of large numbers one can then track functions of the AMP fields. With high probability,
lim — Z¢ (b5t 27) =Eo(n(A\L X" +\/A¢'Z), X 7).

n—+00 n;

When the denoiser is the MMSE denoiser (i.e. the assumed A\ matches the true SNR in the model
and the prior is known), i.e., in the planted SK model,
Yp-u1 T exp{zB}

B) = Yo=s1 Xp{B}

then n(Az*qt + 2:/A¢?) is the posterior expectation for a scalar Gaussian channel y = Aglx* +/A¢z
which is, not by coincidence, similar to the denoising model appearing in the replica symmetric
potential. Therefore the Nishimori identity implies

]E[n()\in* +/ )xth)X*] = E[n()\in* +/ )\th)2].
State evolution in the Bayesian optimal setting therefore simplifies to a recursion over a single
parameter:

=tanh B := (X)B,

State evolution (Bayesian optimal setting): let ¢° = ¢ << 1. For ¢ € Nyq:

¢t = E[n(/\th* + \//\th)X*].

This implies that almost surely

lim —Zd)(bt” ) =Eo(n(A\' X" +\/\g'Z), X*).

n—+0oo n;

Note that the fixed point equation associated with state evolution corresponds to the stationary
condition (30) of the replica symmetric potential. This emphasizes a deep link between the potential

20There is now a more principled way to remove the possible trivial fixed point of state evolution, which corresponds
to a spectral initialization of the AMP cavity means, see [19].
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FIGURE 13. Figure from [7]. Plot of the free-energy single-letter potential f(8S)(g; \)
as a function of ¢ for different SNR values A. The porential f(®)(g; \) is the function
minimized in (36). Left (easy phase): The SNR is above the algorithmic threshold
Aalgo = 1, S0 AMP yields allows optimal estimation with a MMSE equal to p? - ¢2,
where qq is the global minimizer of the potential. Optimal estimation being possible
at low computational cost this regime is called easy. Middle (hard phase): Below
the algorithmic threshold state evolution initialized from ¢*=% = 0 will remain trapped
in the local minimizer of the potential. AMP (as any known efficient algorithm) is
therefore sub-optimal. This defines the hard phase. Right (impossible phase):
Finally for very low SNR even the MMSE is high (qo is low), so inference is impossible
for all algorithms (efficient or not).

function ¢(®9) related to the static/thermodynamic properties of the model, and the state evolution
related to the dynamic properties of an algorithm.

All this analysis can be turned onto a theorem thanks to the conditionning technique developed
by Bolthausen for the SK model, and then adapted by Bayati and Montanari for high dimensional
regression with random features, followed by Rangan et al. for spiked matrix models.

MSE optimality of AMP. The spike-MSE of AMP is
1 * * 1 * *
MSElp = o @ 2 = b @ b2 = (|4 b1 - 2" - )2).

Using state evolution and the independence of the parameters x; we have almost surely (recall
pi=Ep [(X*)?])
lim MSEjp = p° + (¢)* - 2(¢})?

n—+oo

which becomes, in the Bayesian optimal setting,

lir+n MSEjup = 0 - (¢')*.
Comparing this formula with the MMSE formula of Corollary 1, we can assert: whenever the
fixed point q> of state evolution reached from the non-informative initialization matches the global
manimizer qo(\, p) of the replica symmetric potential, then AMP is optimal in the sense that its
estimate b> ® b> of the spike almost surely leads to the spike-MMSE in the limit n — +oo:

If ¢° = ¢ and ¢ = qo(\, p)
then lim lim MSEy;p = lim MMSE(X*® X*|Y).

t—+00 n—>o00
As a consequence we can simply predict the asymptotic performance of AMP by plotting the
replica symmetric potential, see Fig 13. The high SNR region where the potential has a single
minimum at high ¢ corresponds to the easy phase: there exists a polynomial complexity algorithm,
AMP, that matches the optimal performance. When a second local minimum exists at low ¢
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state evolution will find the corresponding fixed point and remain stuck there. AMP is therefore
sub-optimal as any known algorithm. This defines the hard phase, associated with a computational-
to-statistical gap. The entrance in the hard phase happens at the so-called algorithmic (or dynamical)
threshold. It is a fundamental open question in average case complexity to know wether this phase
is fundamentally hard for all sub-exponential complexity algorithms or not, and if AMP can be
overcomed in this regime. Finally at SNR values lower than the information theoretic threshold even
the MMSE is high, so that there exist no algorithm (efficient or not) able to perform good inference:
there is simply not enough information in the data to extract the signal. This easy-hard-impossible
phase diagram is very generic in high-dimensional inference problems.

When there is a hard phase/a computational-to-statistical gap, the phase transitions separating
the different regimes are of the first-order type with discontinuous MSE’s as in Fig. 8. When
there is no hard phase AMP is always Bayes optimal. Its performances matches the MMSE which
continuously degrades as the SNR gets smaller, see Fig 11.

APPENDIX A. PROOF OF INEQUALITY (42)

Let us drop the indices in the bracket (-).. We start by proving

(71) —2E{Q(£ -E(L))) = E((Q - E(Q))?) + E{(Q - (Q))?).
Using the definitions @ := %zc ~x* and (41) gives

B{QUE - () = 5 (B[ (X7) -2 X (X)) - 22X (6.
(72 B[ (G E[ () -2 (0 - Z2(5) ).

The Gaussian integration by part formula E[Z;9(Z;)] = E¢'(Z;) yields

B 2L 0X00)] = B 000) - X000,

as well as

These simplify (72) to
(78) 2B(QUE ~BLED) = 5 3 (ELXr)lrirs) =2, i) ) ~ELX, ] Bl 2%, ()1}

The Nishimori identity implies E[(xz;)?] = E[X,;(z;)] and
BIXi () (wiw;)] = B[ (rs) () {wir;) ] = B[(2:){2;) Xi X;].
These further simplify (73) to
E(Q(L-E(L))) = — Z {Elzi){2;) XX - 2X, X j{ai;)] + E[Xi(2) JE[X; ()]}

’L_]l

[( )’] - 2E(Q%) + E[(Q)]?
-(E(Q*) - E[Q)]?) - (B(Q?) - E[(Q)*])
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which is (71).
The identity (71) just proven then implies
2B{Q(L - E(L)))] = 2[E((Q - E(Q) (L - E(L)))| 2 E((Q - E(Q))?).
An application of the Cauchy-Schwarz inequality then gives
12
2{E((Q - E(Q)*)E((£ - E(£))*)} 7 2 E((Q - E(Q))?).
This ends the proof of (42).

APPENDIX B. AMP FOR THE SPIKED WIGNER MODEL WITH GENERIC PRIOR

In this more generic scenario appear new quantities in AMP: the fields (C;) as before but
also their variances (V;) as we will see. The derivation starts as before from BP, but with factor

V(i) (@i, 253 Yi5) = exp{yip/Anax; =N/ (2n) (x;2;)?} as now the x; variables are not necessary binary
anymore. The BP equations are

Belief propagation for the spiked Wigner model: for 7,5 =1,...,n

. A A
m'éij)ez(xl)ocfde ]Q(Z])(.Tj)exp{yzj\/ixzx] (xixj)Q}v

Z:l(z])(xl) o< PX(xl H m(kz)—n(xz)
k(#1,5)

Define the cavity mean and marginal means as, respectively,

by i) = [da:mmw(m(a:) b :=/dmxm§(aj).

but now define also the cavity and maginal variances, that quantify the fluctuations of the cavity
messages:

Vin(ig) f dz 2 mi_ ;) (2) = (b ;5)°, vj = / dx 2® mi(z) - (b)*.

We expand the factor-to-node message in 1/\/n and express everything in terms of the second order
statistics of the messages:

. A A

M5y (i) o< f dxjmz.ﬁ(ij)(xj){l + yij\/;xixj — %(1 — i) (wix;)® + o(l/n)}
=1+ 2y, )\bt —2— - + (B )?) +o(1
=1+ 25 i (i5) ( ym)( Vi (i5) + ( j»(ij)) ) +o(1/n)

A 2\ 7 5 A 2
=1+ xiyij\/ibi_)(m) - __(1 ij)( ]—)(z]) ( ]—>(2])) ) yU §—>(w))

x?

i, .2 t 2
+ Eyijg(bj»(ij)) +o(1/n)

2
~ x7 -
= exp {xiBfij)_)i - Evéj)_’i} +o(1/n)
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with cavity field and precision (namely inverse variance)

A A
t . Lt —
Blijyi = \/;yiabjwj)’ V=i = A= 85)0 + (B )

The node-to-factor message then becomes

x?

fil(m(xz) o< Px () exp {@BH(Z]) 21 ‘/;i(ij)}
where
7t
z—>(zg) Z B(kz)—>z’ VVZ—»(ZJ) Z ‘/(kz)—n
k(#i,5) k(#i.5)
Define the (Bayesian optimal) MMSE denoiser as the posterior mean of a Gaussian channel,
[ dPx (x)x exp{ab - z?v/2}
[ dPx(z) exp{xb - 2?v/2}
where X ~ Px and Z ~ N(0,1). So in particular we can compute the mean b
and its variance:

n(b,v) =E[X | Xv+ Z/v=0] =

t+1

i—(i7) of m{*| (xl)

i~ (i)

t+1 t t t+1 o t t
bl iy = 1B i) Vi) vty = M (Bisgiy Vis i)

where 7/(b,v) := Oyn(b,v) is the first derivative w.r.t. the first argument of the denoiser, evaluated
in (b,v). We can thus close equations on the cavity means:

Relaxed belief propagation: for ¢,5 =1,...,n:

t+1 t t t+1 I t t
by = N1(Bisiiy Vi) Vitagy =1 (Bisgigy Vi)
)\ 2 2
BL(@J) \/; Z Yrib ka(zk)? V;t;(ij) = " Z ((1—%1@)7’2%(@'1{) + (bl;;ﬁ(m)) )
k(#i,7) k(#i,5)

We now express things in terms of cavity marginal means and variances

bt+1 _ 77(Bt Vt) t+1 = (Bt Vt)
with
)\
(74) Bj:= \/> Z Yrib kﬁ(zk) and V= Z ((1_y12k)vltc—>(ik) + (blltc—»(ik))Q)'
T k(%) T g %4)

We expand the cavity mean as before and obtain

_ A A
bl}c»(ik) = U(Bltf = \/7ylkbz—>(zk)7 Vit - ﬁ((l - yfk)qu(m) + (bﬁe(ik))Q))

1 vrie A 1 vrie
=n(B Vi) =\ Sy (B V) + O(1/n)

A
(75) =0} — \/;yikbf_lv}i, +0(1/n).
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Similarly for the cavity variance

' t- A A

Uztﬁ(ik) =1 (Bli = \/;yikbﬁj(ik)a Vi = E((l - y?k)vfa(ik) + (bga(ik))2))
(76) = vt + O0(1/+/n).

We used b7} = bi"t + O(1/y/n). Therefore

S (ik)
= é Bt _é t-1 2t
k k

V=25 (1= g2l + (1)) + 0L/,

ng
This finally gives the AMP algorithm (recall y;; = y;:):

Approximate message-passing (generic prior):
bt+1 :n(Bt,Vt), ,Ut+1 Zﬁ,(Bt,Vt),

Bt = \/Eybt _ ébt—l o (yQ)Ut, Vt — é((l _ y2),vt + HthZ)
n n n

Here o is the Hadamard (entrywise) product, and the square operation as well as the function 7
and 7’ apply entrywise. Note that AMP can be defined for arbitrary denoisers, not necessarily the
MMSE denoiser.
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